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ABSTRACT. In this work we prove that the global attractors for the flow of the
equation
om(r,t)
ot
are continuous with respect to the parameters h and (3 if one assumes a property
implying normal hyperbolicity for its (families of) equilibria.

= 7m(7’7 t) +g(5]*m(r, t) +/8h)7 h: ﬂ > 07

1. Introduction. We consider here the non local evolution equation

% = —m(r,t) + g (B8J *m(r,t) + Bh), (1)

where m(r,t) is a real function on R x Ry, h, 3 are non negative constants and
J € CY(R) is a non negative even function supported in the interval [—1,1] and
integral equal to 1. The * above denotes convolution product, namely:

(7)) = [ I~ ym(y)dy.

R

There are several works in the literature dedicated to the analysis of the particular
case of (1) where g = tanh. (See, for example, [2], [15], [16], [17], [18] and [19]).

In particular (when g = tanh) the existence of a global compact attractor was
proved in [2], for the case of bounded domain and & = 0 and in [21], for an un-
bounded domain.

If ¢ is globally Lipschitz, the Cauchy problem for (1) is well posed, for instance,
in the space of continuous bounded functions, C,(R), with the sup norm, since the
function given by the right hand side of (1) is uniformly Lipschitz in this space, (see
[5] and [7]).

It is an easy consequence of the uniquennes theorem that the subspace Po, of
27 periodic functions is invariant. We considerer here the equation (1) restricted
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to Po;, 7 > 1. As shown in a previous work ([22]), this leads naturally to the
consideration of the flow generated by (1) in L?(S') where S! is the unit sphere
and * the convolution product in it. We now describe the assumptions and results
of [22]. For the sake of clarity and future reference, it is convenient to start with a
list of the hypotheses on g that were used there.

(H1) The function g : R — R, is globally Lipschitz, that is, there exists a positive
constant k; such that

l9(x) —9(W)| < kalx —yl, Va,y e R
In particular, there exist non negative constants ks and k3 such that
lg(2)] < ko|x| + k3, Yo €R. (2)

(H2) The function g € C*(R) and ¢ is locally Lipschitz.
(H3) There exist non negative constants k4 and ks, such that

lg'(2)] < kq|z| + ks, Vo €R.

(Observe that if (H1) and (H2) hold then (H3) also holds with k4 = 0 and ks = k.
(H4) The function g has positive derivative. In particular it is strictly increasing.
(H5) There exists a > 0 such that, for all z € R, |g(z)| < a. In particular, when
a < o0 (2) holds with ks = 0 and k3 = a.

(H6) The function g~! is continuous in (—a,a) and the function

f(m) = —%mQ —hm — B7i(m), m € [~a,a],

where 7 is defined by

has a global minimum 77 in (—a, a).

Under hypothesis (H1), we proved in [22] that the problem (1) is well posed in
L?(S1), and the flow thus generated is of class C! if one also assumes ( H2). As-
suming (H1) and (H3), we proved the existence of a global compact attractor in
the sense of [10]. We also proved a comparison result under the hypotheses (HI)
and (H4). Assuming (H1), (H3), (H4) and (H5), we showed an L, estimate for the
attractors. Finally, assuming (H6), we exhibited a continuous Lyapunov functional
for the flow of (1) and used it to prove that, under hypotheses (H1), (H3), (H4),
(H5) and (H6), the flow is gradient in the sense of [10].

This paper is organised as follows. In Section 2, we prove the upper semiconti-
nuity property of the attractors with respect to the parameter A = (h, 3) under the
hypotheses (H1) and (H3) above.

The much more delicate property of lower semicontinuity is proved in Section 3.
To the extent of our knowledge, the proofs of this property available in the literature
assume that the equilibrium points are all hyperbolic and therefore isolated (see for
example [1], [6], [12], [20] and [23]). However, this property cannot hold true in our
case, due to the symmetries present in the equation. In fact, it is a consequence of
these symmetries that the non constant equilibria arise in families and, therefore,
cannot be hyperbolic. To overcome this difficulty we have had to replace the hy-
pothesis of hyperbolicity by normal hyperbolicity of curves of equilibria. We then
used results of [4] on the permanence of normally hyperbolic invariant manifolds
and proved (in the appendix) continuity properties of the local unstable manifolds
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of the (non necessarily isolated) equilibria with respect to parameter A = (h, 3),
together with results of [11] on the limiting behaviour of trajectories.
In Section 4 we illustrated the results in the important particular case g = tanh.

2. Upper semicontinuity of the attractor with respect to the parameter
A = (h,B). As proved in [22], under hypotheses, (H1) and (H2) the map

F(u,\) = —u+ g(B8(J * u) + Bh) (3)

is continuously Frechet differentiable in L?(S!) (with * being now the convolution
product in L?(S')) and, therefore, the problem

ou

O = P, \) = —u+ (3 ) + G) (P)s
generates a C'! flow in L?(S!) which depends on the parameter . From now on we
denote this flow by T (t) or T'(A,t). It is also proved there that (in a certain range
of these parameters) T (¢) admits a global compact attractor. A natural question
to examine is the dependence of this attractor on the parameter A\. We denote by

A, the global attractor whose existence was proved in [22].
Let us recall that a family of subsets {4}, is upper semicontinuous at Ag if

dist(Ax, Ax,) — 0, as A — Ag,

where

dist(Ax, Ay,) = sup dist(z,Ay,) = sup inf |z —ylL2. (4)
TEAN zEA YEAXN,

Analogously, {4} is lower semicontinuous at A if
dist(Ay,, Ax) — 0, as A — Ag.

In this section, we prove that the family of attractors is upper semicontinuous
with respect to parameter \ at A\g € R, where R is the semi-bounded strip 0 < h <
00, 0 < B < g% with §* < k%, and ko is the constant given in (2). We denote by
| All the norm of the sum in R%.

Lemma 2.1. Under the assumptions (H1) and (HS3), the flow Tx(t) is continuous
with respect to X, uniformly for u in bounded sets and t € [0,b] with b < oo.

Proof  Asshown in [22] the solutions of (P), satisfy the ‘variations of constants
formula’,

t
Ty(t)yu = e 'u+ / e =) g(B(J * Tx(s)u + Bh)ds.
0

Let A\p € R, b > 0 and C a bounded set in L*(S!). Given ¢ > 0, we want to find
§ > 0 such that ||A — X\g|| < & implies

ITx(t)u — T, (B)ul| 2 < e,
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for t € [0,0] and uw in C. Since g is globally Lipschitz, for any ¢ > 0 and v € C, it
follows that

e~ Tnlze < [ g3 5 TaGohu-+ o)

= g(Bo(J * T, (s)u+ Boho)| r2ds
[ I8 ()~ 5o 5 Tz
4 118k~ Bohol:lds.

IN

Subtracting and summing the term GyJ * Th(s)u and using Young’s inequality, we
obtain

t
ITx(H)u = T, (Hull2 < / eIk |18 = Bollll || [ T (s)ull 2ds
0

t
+ /6_(t_s)k1ﬂo|\J||L1||T,\(3)u_T/\o(s)ul|L2ds
0

t
+ /e*<t*5>k1||ﬁh—50h0||L2ds.
0

From Theorem 3.3 of [22], it follows that, for all A € R and ¢ € [a,b], |Tx(t)ul/r2 is
bounded by a positive constant L depending only of C. Thus, since ||J||p1 = 1, we
obtain

N

ITx()u = T, (Wullz - < {LEa[|B = Boll + k1l Bh = Boholl 2}

t
+ / ek Bo | Ta (s)u — T, (s)ul| 2ds
0

t
< oo+ / FBol|Ta(s)u — Ty (s)ul 2ds,
0
where C'(\) = {Lk1|8 — Bo| + k1||Bh — Bohol|}- Therefore, by Gronwall’s Lemma, it
follows that
||T,\(t)u — Ty, (t)u||L2 < C()\)eklﬂot.
From this, the results follows immediately. O

Theorem 2.2. Assume the hypotheses (H1) and (H3) hold. Then the family of
attractors Ay is upper semicontinuous with respect to A at \g € R.

Proof  From hypotheses (H1) and (H3), it follows that, for every A € R, the
attractor Ay, given by Theorem 3.3 of [22], is in the ball B (0, %ﬁg"’ks)) in
L?(S'). Therefore

UA)\CB

AER

o VI (ks h + k)
’ 1— ko3 '
Since Aj, is a global attractor and B = B (0, %W) is a bounded set
then, for every ¢ > 0, there exists t* > 0 such that T),(¢t)B C Ai, for all ¢ > t*,

€

where Ai is the 5-neighbourhood of Ay, .
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From Lemma 2.1, it follows that T)(¢) is continuous at \g, uniformly for w in
a bounded set and t in compacts. Thus, there exists § > 0 such that for every
we B (0 2ﬁ(kzﬁ*h*+k3>)

1—Fkof3*
* * 9
IA = doll < 6= Tt — T (el 2 < =
We will show that if [[A — Ao[| < 0 then Ax C A5 . In fact, let u € Ax. Since A, is
invariant, v = T (—t*)u € Ay C B (0, %W) Therefore, we have
Ty, ()0 € Af, (5)
and .
T30 — T (1ol g2 < & 0
From (5) and (6), it follows that
U= T)\(t*)T)\(ft*)u = T,\(t*)v € Aio
and the upper semicontinuity of Ay follows . O

3. Lower semicontinuity of the attractors. As mentioned in the introduction,
a difficulty we encounter in the proof of lower semicontinuity is that, due to the
symmetries present in our model, the non constant equilibria are not isolated. In
fact, as we will see shortly, the equivariance property of the map F defined in
(3) implies that the nonconstant equilibria appear in curves. (see Lemma 3.1) and,
therefore, cannot be hyperbolic preventing the use of tools like the Implicit Function
Theorem to obtain their continuity with respect to parameters.

In order to obtain the lower semicontinuity we will need the following additional
hypotheses:
(H7) For each A\ € R, the set E),, of the equilibria of T),(¢), is such that E), =
FE1 U E5, where
(a) The equilibria in E; are (constant) hyperbolic equilibria;
(b) The equilibria in F5 are non constant and, for each ug € Fs, zero is simple
eigenvalue of the derivative with respect to u DF,(ug, \o) : L*(S') — L2(S1),
given by

DF,(ug, Xo)v = —v + ¢’ (BoJ * ug + Boho)Bo(J * v);

(H8) The function g € C?(R). (Observe that (H8) implies (H2)).

We start with some observations on the spectrum of the linearization around
equilibria.

Remark 1. A simple computation shows that, if ug is a non constant equilibria of
T, (t) then zero is always an eigenvalue of the operator
DEL(U(), )\0)’[1 = —v+ g/(ﬂoj * Ug + /Boho)ﬂo(J * U)

with eigenfunction uj. Therefore, the hypothesis (H7)-b says that we are in the
‘simplest’ possible situation for the linearization around non constant equilibria.

Remark 2. Let ug € Fy. It is easy to show that DF,(ug, \o) is a self-adjoint
operator with respect to the inner product

(u,v) = /S1 u(w)v(w)dv(w),

dw 3 is equivalent to the Lebesgue measure.

where dv(w) = SarmSwTan
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Since
v — g (BoJ * uo + Boho)Bo(J *v)
is a compact operator in L?(S1), it follows from (H7) that

o(DF,(ug, Xo))\{0}

contains only real eigenvalues of finite multiplicity with —1 as the unique possible
accumulation point.

We now prove a result on the structure of the sets of non constant equilibria.

Lemma 3.1. Suppose that, for some Ao € R, (H1), (H7) and (H8) hold. Given
u € By and a € S*, define y(c;u) € L*(SY) by

y(a;u)(w) = ulaw), w e S

Then T = ~(S;u) is a closed, simple C? curve of equilibria of Ty, (t) which is
isolated in the set of equilibria, that is, no point of I is an accumulation point of

Ex, \T.

Proof Let u € F, a,w € S*. Then, since (J * u)(aw) = (J * y(o;u))(w), we
obtain

V(s u)(w) = g(B(J *y(e; w)(w) + Bh) = u(aw) — g(B(J * u)(aw) + fh) =0,

and, therefore, y(a;w) is an equilibrium. It is clear that T' is a closed curve.

Now, let up € T'. From hypothesis (HT7), it follows that zero is a simple eigenvalue
of the operator DFy,(ug, Ag). Since DF, (ug, Ag) is a self-adjoint Fredholm operator
of index zero, we have the decomposition

L*(S*) = span{v} @Y.

where v € Ker(DF,(ug, Ag)) and Y is the range of R(DF,(ug, o))
Define F : R x Y — L?(S') by

F(t,y) = F(ug + tv +y, Ao).

Note that F(0,0) = F(ug,Ao) = 0. From hypotheses (H1) and (HS8) it follows
that F(t,-) is of class C2. Now 0%15(0,0) = DF,(ug, \o)7, where 7 : L?(S!) — Y
is the orthogonal projection (with respect to the new inner product) in Y. As
DF,(ug, Ao)|y is injective and Y = R(DF,(ug, \g)) it follows, from the Open Map-
ping Theorem that DF,(ug, Ao)|y is isomorphism onto Y. Therefore é%ﬁ(O,O) :
Y — Y is an isomorphism. Hence, by the Implicit Function Theorem, there
exist open sets (—eg,e0) C R, U C Y with 0 € U and a unique C? function
& : (—eg,e0) — U such that ﬁ(t, y) =0 if only if y = £(t). As ﬁ(t, y) = 0 whenever
ug + tv +y € I, it follows that in a neighbourhood of ug, the curve I" is given by
up + tv + £(t) with t € (—go,&0). In particular, I' is C? and in a neighbourhood of
ug, there are no zeroes of F except the zeroes on I'. Thus T is isolated.

Finally, suppose that I' is not simple curve and let u; € I" a point of self inter-
section. Then there exist oy, s € S! such that uy = y(ai;u) and u; = vy(ao;u)
and, therefore %W(algu) and %W(ag;u) are linearly independent eigenvectors as-
sociated to the eigenvalue zero; contradicting (H7). O

Corollary 1. Let M be a closed connected curve of equilibria in Ey and ug € M.
Then M =T, where T' = (S, ug).
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Proof Suppose that I' ¢ M. Then there exist equilibria in M \ T' accumulating
at ug contradicting Lemma 3.1. Therefore I' C M. Since I' is a simple closed curve,
it follows that M =T. O

In order to prove our main result, we need some preliminary results , which we
present in the next three subsections.

3.1. Lower semicontinuity of the equilibria. The lower semicontinuity of the
hyperbolic equilibria is usually obtained via the Implicit Function Theorem. How-
ever, this approach fails here since the equilibria may appear in families as we have
shown in Lemma 3.1. To overcome this difficulty, we need the concept of normal
hyperbolicity, (see [4]). Recall that, if T'(t) : X — X is a semigroup a set M C X
is 4nvariant under T'(¢) if T(t)M = M, for any ¢ > 0.

Definition 3.2. Suppose that T'(t) is a C! semigroup in a Banach space X and
M C X is an invariant manifold for T'(t). We say that M is normally hyperbolic
under T'(t) if
(i) for each m € M there is a decomposition
X=X, ®X, X,

by closed subspaces with X, being the tangent space to M at m.
(ii) for each m € M and t > 0, if my = T(t)(m)

DT(t)(m)|xa : X5 — X7, a=c,u,s

and DT'(t)(m)|xx is an isomorphism from X}, onto X, .
(iii) there is ¢y > 0 and p < 1 such that for all ¢t > ¢

pinf {[|[DT(E)(m)z"] : a* € X, [|a"| = 1} > max{L, [|DT(t)(m)|x [}, (7)

pmin {1 inf{|[DT(#)(m)z| - 2 € X7, [|2°]| = 1}} > [DT(#)(m)|xg I (8)

The condition (7) suggests that near m € M, T'(t) is expansive in the direction
of X and at rate greater than on M, while (8) suggests that T'(¢) is contractive in
the direction of X7, and at a rate greater than that on M.

The following result has been proved in [4].

Theorem 3.3. (Normal Hyperbolicity) Suppose that T(t) is a C* semigroup
on a Banach space X and M is a C? compact connected invariant manifold which
is normally hyperbolic under T'(t), ( that is (i) and (i) hold and there exists 0 <
to < 0o such that (iii) holds for all t > to). Let T(t) be a C* semigroup on X and
t1 > tg. Consider N(g), the e-neighbourhood of M, given by

N()={m+z" +2°, =" € X,

m?

z® e X5, =¥, ll=°|| <e}.
Then, there exists €* > 0 such that for each € < €*, there exists o > 0 such that if

swp_ {IT(t)u = T(t)ull + |DT(0r)(w) = DI f <o
and

sup ||T(t)u — T(t)ul| < o, for 0 <t < ty,
u€EN (e)
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there is an unique compact connected invariant manifold of class C1, M, in N(e).
Furthermore, M is normally hyperbolic under T(t) and, for each t > 0, T(t) is a
C'-diffeomorphism from M to M.

Proposition 1. Assume that the hypotheses (H1), (H2) and (H7) hold. Then, for
each A € R, any curve of equilibria of Tx\(t) is a normally hyperbolic manifold under
Th(t).

Proof Let M be a curve of equilibria of T)(¢) and m € M. From (H7) it follows
that
Ker(DF,(m,\)) = span{m’}.
Let Y = R(DF,(m,\)); the range of DF,(m, ). Since DF,(m, ) is self-adjoint
and Fredholm of index zero, it follows from (H7) that
o(DF,(ug,\)]y) = o, Uas,

where o, 05 correspond to the positive and negative eigenvalues respectively.

From (H1) and (H2), it follows that T (¢) is a C'! semigroup. Consider the linear
autonomous equation

v = (DF,(m,\)|y)v. (9)

Then DTy (t)vg is the solution of (9) with initial condition vy, that is DTy (t)(m)vy =
e(PFu(m: )ty In particular DTy (t)(m)]y = D(Tx(t)|y)(m) = ePFulmNIx)t,

Let P, and Ps be the spectral projections corresponding to o, and o;. The
subspaces X = P,Y, X3 = P,Y are then invariant under DT) (¢) and the following
estimates hold (see [7], p. 73, 81 or [13], p. 37).

| DT (t)yv| < Ne “!|v||, for v € X5, and t > 0, (10)

| DT\ (t)|yv| < Ne“t||v||, for v € X! and t <0, (11)
for some positive constant v and some constant N > 1.
Its clear that that DT)(¢t) = 0 when restricted to Xg, = span{m’}. Therefore,
we have the decomposition
L*(SY =X, ® X" & X5,
Since DFy,(m, A)|y is an isomorphism
DF,(m,\)|xa : X3, — X5, a=u,s,
is an isomorphism. Consequently, the linear flow
DTA(t)(mNX;; : X;l’n — Xﬁl
is also an isomorphism.

Finally, the estimates (7) and (8) follow from estimates (10) and (11) above. [
Proposition 2. Suppose that the hypotheses (H1)-(H3) hold. Let DTx(t)(u) be the
linear flow generated by the equation

Ov

o = v+ g (BT s ut B)B(I v).

Then, for a fized Ay € R, we have
[Tx()u = T, (Dullp2(sty + IDTA(E)(w) — DTo, (1) (w)ll £(z2(s1), L2(51)) = 0, A — Ao,
uniformly for u in bounded sets of L*>(S*) and t € [0,b], b < oco.
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Proof From Lemma 2.1 it follows that
HT)\(t)u - T)\O (t)u||Lz(51) — 0, A — g,
for u in bounded sets of L?(S') and ¢ € [0, b].

By the variation of constants formula, we have

t
DTy (t)(u)v = e "o + / e~ g/ (BT % u + Bh)(BJ % v)ds.
0

Thus

IPTs e~ DTy el < [ Dt m
— g (BoJ xu+ Boho)BolJ v, ,ds
< [t o

9" (BoJ *u+ Boho)BlJ * v, ,ds

t
+ /O e3¢ (BoJ * u + Boho)(J * v) (B — Bo) | p2ds.

Given 7 > 0 there exists ¢ > 0 such that ||\ — Xo|| < ¢ implies that (6 * v + Bh)
belongs to a ball centred at (ByJ * u + Boho) and radius n in L°°(S). In fact,

|(J *u)(w)]

IN

/ Tz Ju(2)]d
Sl

[ Wltu(a)iaz
Ve B/ (12)

where we have used Holder’s inequality in the last estimate. Therefore

IN

IN

|Bo(J * u)(w) 4 Boho — B+ u)(w) — Bh] < |8 = Bol(J * u)(w)| + [Boho — Bh
< V27 (| lsollll 2215 = Bol
+ |Boho — Bhl) — 0, A — Xo.

Thus, from (H2), there exists a positive constant L, which depends only on u, such
that

19/ (BT #w) (w)+Bh) — g (Bo(J%u) (w) + Boho)| < L(|B—Boll(Jxu)(w)|+|Bh— Bohol).
Then
| 19'(BT xu+ BR)S — g'(Bo * u+ Boho)B)(J * v)||5

= L lg'(B(J * w)(w) + Bh) — g'(Bo(J * ) (w) + Boho)[*52|(J * v)(w)*dw

[ 208 = Bl ) )+ 18h — Boho 521 ) w) P

IN

Using (12), we obtain

g (B *u+ Bh)B — g’ (BoJ *u+ Boho)BI(J *v)l| < 27L(|Jufl 2 V27|10 |B — Bol
+  [Bh — Bohol) Bl || [[v]| £2-
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Therefore
sup [y e T[g/(BT xu+ BR)B — g (Bod * u+ Boho)B|(J * v)| r2ds

H'UHL2:1

< sup {27L(|Jull 2 V27|l |B — Bol
1

[lv 2=
t
+ 16h = Bohol) A1 sllv]| 2 / (-9 ds)
sup {2TL(||UHL2\/§HJ||O<>W — Bol + 18k — Boho!) Bl T ||so vl 12 }

loll L2=1

= 27L(|[ull 12 V27| I |0 |8 — Bol + |Bh = Bohol) 57| sc-

IN

Now

19" (BoT*u+Boho) (J+v) (B—Po) | 22 = /51 9" (Bo(Jxu) (w)+Boho) (J5v) (w) (B—Fo) |*dw.
But, using (H3) and (12), we have

19" (Bo(  u)(w) + Foho) (J xv)(w)| < (Mﬁo@llJllmllulle

+ k4ﬂoho+k5)\[2T|J|oo||v||L2~

Then
I g (Bo * u+ Boho)(J xv)(B = Bo)l7a
2
< [ (ratovE L elullzs + Rt + s ) 25110l 15 - ol

Sl
Thus

I ' (BoJ *u+ Boho)(J *v)(6— Bo)ll L2

< (Mﬂov 27| J| oo ||| 2 + EaBoho + k5) 27| J ||l so vl 2218 — Bol-
Hence
s 3 el o Buo) (7 5 0)(3 o)z
v L2:1

< | ISlup { (kaBo V27| T || o || 2

v L2:1
t
4+ kaBoho + ks) 27| ||so||v]| 218 — Bol / e (=ds}
0
< | ﬁup {(k4ﬁom||J\\m|\u||L2 + kaBoho + ks5) 271 || s [|v]| 2|8 — Bol }
v L2:1

= (kaBoV27||J|collull 2 + kaBoho + ks) 27| ||| B — Bol.

Therefore

[DTx(t)(u) — DT, (1) ()|l 2(r2(st), L2(s)) = supyy|=1 [|DTA(E)(w)v — DTy, (¢)(u)v|r2(s1)
< 2TL<||U||L2\/§||J|IOOI6 — Bol + |Bh — ﬁ0h0|>ﬂ|‘]”oo

+<k4ﬂom||J|mu||Lz + hafioho + ks,)%unmm ~ ol



CONTINUITY OF GLOBAL ATTRACTORS FOR FOR NON LOCAL 11

with C(\) — 0, as A — 0. This completes the proof. O

Theorem 3.4. Suppose that the hypotheses (H1)-(H2), (H5)-(H6), with a < oo,
and (H7)-(H8) hold. Then the set Ey of the equilibria of T\(t) is lower semi-
continuous with respect to A at \g.

Proof The continuity of the constant equilibria follows from the Implicit Func-
tion Theorem and the hypothesis of hyperbolicity.

Suppose now that m is a non constant equilibrium and let I' = y(a;m) be the
isolated curve of equilibria containing m given by Lemma 3.1. We want to show
that, for every e > 0, there exists § > 0 so that, if A is such that ||A — Ag|| < 4, there
exists I'y € E\ such that I' C I'§, where I'§ is the e-neighbourhood of I'y.

From Lemma 3.1 and Propositions 1 and 2, the assumptions of the Normal Hy-
perbolicity Theorem are met. Thus, by Theorem 3.3, given ¢ > 0, there is § > 0 such
that, if ||A — Ao|| < d there is an unique C! compact connected invariant manifold
'y normally hyperbolic under T(t), such that T'y is e-close and C*-diffeomorphic
to I.

Since T\ (t) is gradient and 'y is compact, there exists at least one equilibrium
my € I'y. In fact, the w limit of any u € T"y is nonempty and belongs to I'y by
invariance. From Lemma 3.8.2 of [10], it must contain an equilibrium. Since T’y is
e-close to T, there exists m € I such that [[m —m|z2(s1) <e.

Let T'y be the curve of equilibria given by 'y = {y(a;my), o € S'} which is
a normally hyperbolic invariant manifold under T (¢) by Proposition 1. Then, for
each a € S, we have

It ma) =s(@smlEs = [ lasm)(w) = (asm)w)Pd

= / [mx (aw) — m(aw)|*dw
Sl

= |mx—m| 2.

Thus

V(s mn) = v(asm)|l2 = |lma —ml|L2
< €.

and I is e-close to I'y. Since there are only a finite number of curves of equilibria
the result follows immediately. O

The example below shows that the curves of equilibria of
&= F(x),

generated by the action of a group may disappear even when the symmetry is
preserved. In other words, we cannot expect a result of the type of the Implicit
Function Theorem without additional hypotheses, (see [8]).

Example 1. (An example with symmetry )
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Consider the planar system

.1'7:.%'(1—3?2—3/2),

. 13
g=y(l—a*—y?). (13)

Note that (13) has, besides the origin, the curve of equilibria given by

.132 T y2 -1

which is generated by the rotation of a fixed equilibrium.

However, for any ¢ # 0, the perturbed system

&= —ey+x(l — 22 —y?),
(14)

y=er+y(l—-a*—y?)

has no non trivial equilibrium, although the system is still invariant under the action
of S'. We observe that the perturbed system is not gradient as is the case for the
class of pertubations we are considering.

3.2. Existence and continuity of the local unstable manifolds. Let us return
to equation (P)x. Recall that the unstable set W} = Wi (uy) of an equilibrium wuy
is the set of initial conditions ¢ of (P)x, such that T(t)y is defined for all ¢ < 0
and Th(t)¢ — ux as t — —oo. For a given neighbourhood V' of uy, the set Wy NV
is called a local unstable set of uy.

Using results of appendix we now show that the local unstable sets are actually
Lipschitz manifolds in a sufficiently small neighbourhood and vary continuously
with A\. More precisely, we have

Lemma 3.5. If ug is a fized equilibrium of (P)y for A = Ag then there is a 6 > 0
such that, if |\ — Xo| + ||uo — ux||r2 < ¢ and
U = {u e W¥(uy) : ||u—uxl|z <6}

then U is a Lipschitz manifold and

dist(U3, Uf\so) + dist(UfO,Ug) —0 as |A—Xo|+ |luo—uallrz — 0,
with dist defined as in (4).

Proof As already mentioned, assuming (H1) and (H2), the map F : L?(S')x R —
L2(SY),

F(u,\) = —u+ g(B8(J * u) + Bh),
defined by the right-hand side of (P), is continuously Frechet differentiable. Let
u) be an equilibrium of (P),. Writing u = uy + v, it follows that u is a solution of
(P)x if and only if v satisfies

— = L(\)v + r(up,v,\), (15)

where L(A\)v = %F(UA,A) = —v+ ¢'(B(J *uy) + Bh)B(J xv) and r(ux,v,\) =
F(ux +v,A) — F(ux, A) — L(A\)v. We rewrite equation (15) in the form
ov

5= L(X\o)v+ f(v,N), (16)
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where f(v,\) = [L(A)—L(Xo)]Jv+7(ux, v, A) is the “non linear part” of (16). Observe
that now the “linear part” of (16) does not depend on the parameter A, as required
by theorems Theorems .2 and .3.

To obtain the needed estimates we first observe that, by Holder inequality

|(J *0)(2)] < V2| Tl lv]lL2, V2 € St (17)

for any v € L?(S'). Therefore, since g is of class C2, ¢'(BJ * ux(2) + BJ *v(z) + Bh)
and ¢ (8J * ux(z) + 8J * v(z) + Sh) are bounded by a constant M, for any X in a
neighbourhood of Ao and [[v|[z2(g1y) < 1. We then obtain

| g (BT *ux + Bh)B(J xv) — g'(Bo * ux, + Boho)B(J *v)||72
= /51 lg' (B * ux(z) + Bh)B — g’ (Bo *ux,(2) + ﬁ0h0)|2ﬁ2|(J * v)(z)|2dz

< [ APIIBT un(z) = Ao (2)| + 180 = oo 267(7 # )2
< [ MP08T 5 un(:) = BT x (2] + 180  Gohal P52 ol s
< [ APIBT cun(z) = BT 5wy (] H 18T = 13y () = B+, (2

+ 10— fohol 252712 ol ad=

< [ APBVE i =

18 = BolVaTI o ln 52 + 188 — Soholl28°2r L2 ol

di(M)|v]|Z:,
with dy(A\) — 0, as A — Ag. Analogously
I g'(Bod * ux, + Boho) (B — Bo)(J % v)|17

< 19T 5 s, + o) el = o1 e (2) P

< [N BT s, + Boh) 15 = o2 ||l
S

da(N)[|v]|7--
with da(A\) — 0, as A — Ag. It follows that

(L) = LAo)) vllze < (g (BT * ux + BR)B(J xv) — g(Bo * ux, + Boho)B(J * v)]| 2
+  Nlg'(Bod * ux, + Boho) (B — Bo)(J *v)]| 2
< Gi(M|vllze, (18)
with C1(A) — 0, as A — 0.
Observe now that, for any z € S*
F(ux(z) + v(2),A) — F(ux, (2) + v(2), Ao)

= [9(BoJ * ur,(2) + Boho) — g(Bo * ux, (2) + BoJ * v(2) + Boho)]

~[g(BJ * ux(2) + Bh) — g(BJ * ux(2) + BJ *v(2) + Bh)]

= g'(BoJ * ux, (2) + BoJ * 0(2) + Boho)Bo(J * v)(2)]

—g' (BJ *ux(2) + BJ * () + Bh)B(J * v)(2),
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for some v in the segment defined by J % uy, and J * (uy, + v) and some v in the
segment defined by J *xuy and J * (uy + v). Then

[F(u(2) +v(2),\) = F(ux,(2) +v(2), Ao)|
< 19’ (BoJ * ux,(2) + BoJ * 0(z) + Boho)Bo — g’ (Bod * ux,(2) + BoJ * 0(z) + Boho) ]
+Blg"(Bo * ux, (2) + BoJ * 0(2) + Boho) — g'(BJ * ux(2) + BJ * v(2) + Bh)[]|J * v(2)]
< [M|B = Bo| + BM|Bod * uxr,(2) — BJ * ux(2)|
+BM|BoJ # 0(2) — B % 0(2)| + BM|Boho — BRIIV27 [ J|lsc ]l L2
< [MB = Bo| + BMIB — Pol|J * (ux (2) — ux(2))| + BM (|3 — Bol|J * v(2)|
+81J x (0 — 0)(2)]) + BM|Bh — Boho|]V27 | [|ol|v]| 2
< [M|B = Bol + BM|B — Bo| V27| ||solur — ux, ||z + BM|B — Bo| V27| || oo ||7]| 12
+B2MV27(| T |l |D = D]l 12 + BM|Bh — Boho ]V27 | T [l 0] 2.

Therefore, since || — |2 — 0, as A — Ag,

[E(ux + v, A) = Fux, +0,20) [ 22 < C2(A)[[v]] 22, (19)
with C3(A) — 0, as A — 0.
Since r(ux,v,\) = F(uy + v, A) — L(A)v, we obtain from (18) and (19) that
H?"(U)\,U,)\) _T(quava )‘)” < 03()‘)”””1/2 (20)
From (18) and (20), it follows that

[1f (v, A) = f v, Ao)ll < Ca(M|v]| 2,

where Cy(A\) — 0 as A — Ag.
In a similar way, we obtain for any v,w with ||v||z2(s1) and ||w||f2(g1) smaller
than 1

[r(ux(2),v(2), A) = r(ux(2), w(z), M)
< lg" (BT * ux(2) + BJ +0(2) + Bh)BT * 0(2) |l c B2 VAT T |5 0]| 2 v — ]| 2.
for some ¥ in the segment defined by 8J * v + Bh and BJ * w + Bh and some ¥ in
the segment defined by 0 and S(J * @) + Sh. As ||v| L2, [|w|/r2 — 0, it follows that
7 (ux(2),v(2), A) = r(ua(2), w(2), M2 < v1(p)llv —wllz2,
with v(p) — 0, as p — 0 and ||v]| 2, ||w||z2 < p. Furthermore
IL(A) = L(Ao)]v = [L(A) = L(Ao)]wllz2 < Cr(A)[[[| (v = w)]|
Thus

1 (0, A) = f(w, N)lz> < ((p) + Cr(A))|lv — wl|z2, (21)

where v(p) — 0, as p — 0 and ||v|| 2, ||w|/zz < p, and C1(A) — 0, as A — Ap.

Therefore, the conditions of Theorems .2, .3 are satisfied and we obtain the
existence of locally invariant sets for (16) near the origin, given as graphs of Lipschitz
functions which depend continuously on the parameter X\ near A\g. Using uniquennes
of solutions, we can easily prove that these sets coincide with the local unstable
manifolds of (16).

Observing now that the translation

u— (u—uy)
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sends an equilibrium wuy of (P)y into the origin (which is an equilibrium of (16)),
the results claimed follow immediately. O

Using the compacity of the set of equilibria, one can obtain an ‘uniform version’
of Lemma 3.5 that will be needed later.

Lemma 3.6. Let A\ = A\g be fized. Then, there is a § > 0 such that, for any
equilibrium ug of (P)xy, if |A — Ao| + [Juop — ux|l2 < 9 and

Uj\S = {u S U)\<u,\) : Hu — U)\”L?(Sl) < (5}
then U;\S is a Lipschitz manifold and

sup dist(Ug,Ufo) + dist(UfO, U2) =0 as |\—Xo| + |juo — uxll2 — 0,
up€Ex,

with dist defined as in (/)

Proof From Lemma 3.5, we know that, for any ug € E),, there is a § = d(up)
such that U} is a Lipschitz manifold, if [\ — Xo| + [lug — uxl|pz < 25. Thus, in
particular, U{ is a Lipschitz manifold, if |\ — Xo| + || — ual[zz < d. for any
Ug € Ey, with || — uo||r2 < 0. Taking a finite subcovering of the covering of Ej,
by balls B(ug,d(ug)), with uy varying in E),, the first part of the result follows
with ¢ chosen as the minimum of those d(uy).

Now, if € > 0 and ug € E),, there exists, by Lemma 3.5, § = 6(ug) such that, if
‘/\ — )\0| + ||UO — U)\||L2 < 26, then

dist(U3, U3,) + dist(U3, US) < £/2.
If 4p € E\, is such that ||Go — uol|rz < 6 and |A — Xo| + ||@o — ux||z2 < d then, since
A= Aol + fluo — uallzz <26

dist(US (ux), U, (o)) + dist (U3 (@), U (ur))
< dist(U3 (ur), U3, (uo)) + dist(UR, (o), US (ux)) + dist (U3, (i), U3, (uo))
+dist(UR, (uo), UR, (Tig)) < &
By the same procedure above of taking a finite subcovering of the covering of
E), by balls B(ug, d(ug)), and § the minimum of those d(up), we conclude that

dist(U3 (ur), U3, (it0)) + dist(US, (o), U (u)) < €
if |A—Xo| + ||%o — uxl|z2 < 4, for any @y € E\,. This proves the result claimed. O
3.3. Decomposition of the attractor. As a consequence of its gradient struc-
ture, proved in [22], the attractor of the flow generated by (P), is given by the
union of the unstable set of the set of equilibria (see [10]). Using results of [11], we

prove below a more precise result on this direction.
Consider an equation of the form

i+ Bx = g(x), (22)

where B is a bounded linear operator on a Banach space X and g: X — X is a C?
function. We may write (22) in the form

&+ Az = f(z), (23)

where A = B — ¢'(z0) and f(z) = g(x0) + r(x), with r differentiable and r(0) = 0.
The following result has been proven in [11]
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Theorem 3.7. Suppose the spectrum o(A) contains 0 as a simple eigenvalue, while
the remainder of the spectrum has real part outside some neighbourhood of zero. Let
v be a curve of equilibria of the flow generated by (23), of class C*. Then there
ezists a neighbourhood U of v such that, for any x¢o € U whose positive orbit is
precompact and whose w-limit set w(xg) belongs to v, there exists a unique point
y(xo) € v with w(xg) = y(xo). Similarly, for any o € U with bounded negative
orbit and a-limit set a(xg) in vy, there exists a unique point y(xg) € v such that
a(zo) = y(wo).

Proposition 3. Assume the hypotheses (H1), (H2), (H5)-(HG), with a < co and
(H7) hold. Let Ey be the set of the equilibria of Tx(t). For u € E, let Wi (u) be
the unstable set of u. Then

U Wi

u€FEy

Proof From Theorem 5.6 of [22], we have
GRUNEN!
uek)y

There exists only a finite number, {uy,--- ,ux} of constant equilibria since they
are all hyperbolic. For each non constant equilibrium w € FE), there is a curve
M, C E\ C Ay. From Lemma 3.1 these curves M, are all isolated and, since A
is compact, it follows that there exists only a finite number of them; M, ..., M,.

Thus
n k
Av=(Umzon ) U (U i) ).
i=1 j=1
By Theorem 3.7, it follows that

U Wi(v), i=1,---,n.
veM;

U W)
vEE)
as claimed. O

Therefore

3.4. Proof of the lower semicontinuity. We now turn to the proof of our main
result, starting with some auxiliary results.

Lemma 3.8. Assume the same hypotheses of Lemma 3. Then, given € > 0, there
ezists T > 0 such that, for all u € Ax,\E5,

T)\o( )U S E>\07
for some t € [0,T], where ES,, is the e-neighbourhood of Ey,. Furthermore, when €
is sufficiently small,

T, (—t)u € Uy, (uo),

for some ug € Ey,, where Uy, (ug) is the local unstable manifold of ug € Ey,.
Proof Let ¢ >0 be given and u € A, \E5 . From Lemma 3, it follows that

u € Wy (u)\ES,.
for some @ € E,. Thus, there exists t,, = t,(¢) < oo such that Tx,(—t,)u € E5 .
continuity of the operator Ty, (—t,,), there exists n, > 0 such that T),(—t,)B (u nu)
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ES,, where B(u,n,) is the ball of centre u and radius 7,. By compactness, there
are ug, -+ ,u, € Ay, \E5  such that

A)\O\Eio C U B(ujvnuj)u
j=1
with T, (—tu,;)B(uj, ;) C ES,, for j = 1,...,n. Let T = max{ty,, - ,tu, }.
Then, for any u € Ax\ES , Th,(~t)u € E5 , for some t € [0,7]. Since u €
Wi (@)\ES,, for some u € Ey, and Tx,(—t)u € E5 , to conclude that Tx,(—t)u €
Uy, (1), when ¢ is sufficiently small, it is enough to show that there exists 6 > 0
such that W¢ (v) N B(v,d) C Ux,(v), for all v € E),. Therefore, the conclusion

follows immediately from Lemma 3.5.

Theorem 3.9. Assume the hypotheses (H1)-(H2),(H5)-(H6), with a < oo, and
(H7) and (H8). Then the family of attractors Ay is lower semicontinuous with
respect to the parameter A at \y € R.

Proof Let € > 0 be given. From Lemma 3.8, there is T" > 0 such that, for all
u € Ay, \ES , there exists ¢, € [0,T] such that
=Ty, (—ty)u € Uz, (ug), (24)

for some uy € E),. Since Ty, (¢) is a continuous family of bounded operators, there
exists > 0 such that, for all ¢ € [0, T

S
Iz = wllz2 <0 = [T ()2 = Tao (wllz2 < 5. (25)

Now, by the (uniform) continuity of the equilibria and local unstable manifolds
with respect to the parameter A asserted by Theorem 3.4 and Lemma 3.6 , there
exists 0* > 0 independent of u such that ||[A — Ag|| < 6* implies the existence of
uy € Ey and some uy € Uy(uy) with

[ax —aflze <m, (26)
where Uy (uy) denotes the local unstable manifold of the equilibrium wy of T)(¢).
Hence, when ||\ — A\g|| < 0* we obtain, from (25) and (26)

T, (£)Tx — T, (1)) 12 < g for any ¢ € [0,7]. (27)

On the other hand, from continuity of the flow with respect to parameter A, there
exists 0 > 0 such that ||A — Ag|| < ¢ implies

TN () () = T, () (u) 22 < % (28)

for any u € B(0,2av2))) and ¢t € [0,7], and thus in particular for v = @y and
t=t,.

Choose § = min{d*,0} and let vy := Th(t,)ux. It is clear that vy € Ay, since
ZZI,A c U)\(U)\).

Using (27) and (28) we obtain, when ||A — Ag|| < ¢

lox —ullpz = [ITa(tu)tn — Ty (tu)ul| 2
(T (tu) s — Thg (tu)n ]2z + [ Tro (ta)an — T (tu) @l 22
< &.

IN

When u € ES C A, this conclusion follows straightforwardly from the conti-
nuity of equilibria. Thus the lower semicontinuity of attractors follows. O
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4. A special case. We consider now the particular case of (1) where g = tanh and
£ > 1, that is, the equation
om(w,t)
ot

Equation (29) arises as a continuum limit of one-dimensional spin systems with
Glauber dynamics and Kac potentials, (see [2], [15], [16], [17], [18], [19] and [21]);
m represents then a magnetisation density and 5~! the product of the absolute
temperature by the Boltzmann constant.

The Lyapunov functional is now given by

u) = uwfm'*'w1 w2 Hu(w) — u(2))?dwdz
P = [ ) = i+ [ e uw) - uePduds (30)

where f (the free energy density) is given by

flz) = —%xQ —ha — B Yi(x), = €[-1,1], (see Figure 4.2) ,

= —m(w,t) + tanh(3J * m(w,t) + Bh), (29)

FIGURE 1.

where ¢ is the entropy density, given by

1 1 1-— 1-—
i(z) = — +xln< +:v> - xln( x)’ x € [-1,1], (see figure 4.1),

2 2 2 2

-05

FIGURE 2.
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Here —“—22 represent the inner energy density and —hx energy density of external
field h, (see [18]).

Note that the functional given in (30) is defined in the whole phase space. Fur-
thermore m; is the global minimum of f in (—1,1), (see [18]). Thus the integrand
in (30) are non negative. It is easy to show that max,e(—1 y)[i(z)] = In(2) and
lim,_, 41 9(x) = 0, (see Figure 4.1).

The function g(z) = tanh(z) satisfies the hypotheses (H1)-(H6) and (H8) with
k1 = ks = ks =a =1 and ky = k4 = 0. Thus the upper semicontinuity of the
family of attractors with respect to A = (h, 3) follows from Theorem 2.2. If (H7)
holds the lower semicontinuity also follows from Theorem 3.9. O

Appendix A. Continuity of unstable manifolds for an abstract problem.
In this section we prove a result of continuity for unstable manifolds near a (non-
hyperbolic) equilibrium adapting the ideas of [3]. The result is well known either in
the case of hyperbolic equilibrium (see for example [1]) or discrete finite dimensional
systems (see [14]), but we have not been able to find a suitable result under our
hypotheses.

Let X be a Banach space, A : D(A) C X — X the generator of a strongly
continuous semigroup of linear operators {T'(¢)};>0 on X and consider the problem

& = Az+ f(z)
z(0) = =xo. (31)

It is well known (see for example [13]) that, if f : X — X is a continuous and locally
Lipschitz continuous function then (31), has a unique local ‘mild solution’, that is,
a solution of the integral equation

#(t) = T()wo + / T(t — 5)f(a(s))ds, (32)

defined for small positive 0 < t < t1, with z(t) — z9 as ¢ — 0+. If g € D(A)
and f is continuously differentiable then the solution is also a strict solution (i.e
x:(0,t1) — X is C1, x(t) € D(A), for 0 < t < t; and the differential equation (31)
is satisfied). If A is bounded, the solution is defined in a open interval around 0
(see [7]).

We assume the following hypotheses for the semigroup T'(t) generated by A:
(1) (BU - Backwards Uniqueness). For each ¢t > 0 T'(t) is injective;
(2) X has a decomposition such that:
(2a) X =7_X ®7meX &7y X, where m_, mg, 74 are continuous linear projections
on X.
(2b) For each t > 0, T'(t) commutes with the operators m_, mg, 74+ so that each
subspace m_X, mpX, 74X is invariant under T'(¢). Furthermore, T'(t) may be
extended to a continuous group of linear operators on mpX & 71 X;
(2c) There exist constants

a—_, ap, ay, min{a_,ay} >ap > 0and K > 1, (33)
such that
(2cd) |T(@t)o-|l < Ke " flo_|, Vo€ X, t>0;
(2c.di) [T(E)poll < Kewo o], ¥ o € X, 1 € B;
(2¢.iil) |T(0)p, | < Keo+* gy, ¥ g € X, £ < 0.
(Without loss of generality we may assume ag > 0).
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The following theorem on the existence of a unstable manifold near the origin
for (31) has been proven in [3].

Theorem A.1l. Suppose the semigroup T(t) satisfies the hypotheses (1) and (2)
above and f : X — X is a continuous function satisfying

(i) f(0) =0;

(i) [[f(0) = F@NI < n(r)lle =21, llell, vl <,

where 1 is non decreasing continuous real function in [0, 00) with n(0) = 0. Suppose
also that € > 0 is such that ax > . Then, for § > 0 sufficiently small there exists
a locally invariant set

5
U={peB(0,9) : llo+ll < 5, - +vo=dalp+)},
for (31), where q is a Lipschitz function defined for ||p|| < %. If p € U then a
unique solution w(t) of (32) with w(0) = ¢ exists for t <0 and

lw(®)]| < 2Kt~ Jwy (0], ¢ < 0. (34)

Furthermore, U is tangent at zero to my X and (q,w) is the unique solution of the
system

a(ps) = [0 T(=s)(m— +70) f(wy(s,€) + qlwy (s,€)))ds,

t (35)
wy (t,e) = T(t)oy + [y T(t — s)my f(wy(s, ) + q(wy(s,€)))ds, t <O0.

The function q has Lipschitz constant smaller or equal to 1, q(0) =0 and K is the
constant given in the hypothesis (2.c).

In the proof of the result above, the hypothesis (ii) on f is used to show that,
after the usual trick of ‘cutting-off’ near the origin, one may assume that f satisfies
a Lipschitz condition with an arbitrarily small constant. A careful analysis of the
proof in [3] reveals, however, that this hypothesis is not necessary in its full force.
During the proof, it is only used that the Lipschitz constant of f is smaller than
a constant given in terms of the bound K of the semigroup and the exponential
rates a—, ag, a4+. The only part of the result that cannot then be obtained is the
tangency to the linear unstable space. More precisely, we have

Theorem A.2. Suppose the semigroup T(t) satisfies the hypotheses (1) and (2)
above and f : X — X is a continuous function satisfying

(i) 7(0) =0; 2
(i) [1£(0) = F)I < Lllo =2l el 1] <7, with 0 < ;=557 <1 Then, for
0 > 0 sufficiently small there exists a locally invariant set

b
U={peB(0,9) : [[ps] < o P-tvo= q(p4)}

for (31), where q is a Lipschitz function defined for ||p4| < %. If ¢ € U then a
unique solution w(t) of (32) with w(0) = ¢ exists for t <0 and

(O] < 2K >KD s, (O)]], ¢ < 0. (36)
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Furthermore (q,wi) s the unique solution of the system

a(ps) = [0 T(=s)(m_ +m0) f(wy(s,€) + qlwy (s,€)))ds,

t (37)
wi(t,e) = T(t)ot + [y T(t = s)my f(wy(s,€) + q(wi(s,€)))ds, t < 0.

The function q has Lipschitz constant smaller or equal to 1, g(0) =0 and K is the
constant given in the hypothesis (2.c).

The advantage of Theorem .2 for us is that it allows a ‘small linearity’ in the
function f, which will be needed in our applications. We now state the main result
of this section.

Theorem A.3. (Continuity of the unstable manifolds). Suppose that the function
f = fx depends on a parameter A € A, where A is an open set of a Banach space
and, satisfies
[fa(u) = fx, @] < Cr(N)[[ull, with  C1(X) =0, as A — Ao for |Jul| < r; (38)
and the conditions (1) and (ii) of Theorem .2 above with 0 < % < 3 for
A in a neighbourhood of Ag.
Then the unstable manifold Uy given by Theorem .2 is continuous with respect
to the parameter A at Ag. More precisely, if 0 is sufficiently small, the Lipschitz

functions ¢ = qx given by (37) are defined for ||o+| < ¢ and gr(p+) — qx,(¢+), as
A — Ao uniformly for ||p4|] < 9.

Proof  After cutting-off near the origin, if necessary, we may suppose that the
hypotheses on f) hold in the whole space. By Theorem .2, in a neighbourhood of
the origin (which can be chosen as the same for all A sufficiently small), Uy is the
graph of a Lipschitz function ¢ = ¢y, where (g, w?) is the unique solution of (37).
Therefore, we have

0
lws (6N < Ke oy + / Ke ) Lllw (5, A) + qa(wo (s, \)) | ds
t
0
< Ke™tpy| + / Ke+ 9 LlJwy (s, A)]| + [lgx(wy (s, A))|[]ds
t
0
< K]+ [ 2RI (5,3 ds.
t

By Gronwall’s Lemma, we obtain
s (t N < Kl [leles ~2KDE, ¢ < 0. (39)
We will use the metric p given by

h —h
k) = sup (o) —ales)]
veEX, 0 #0 llorll

i

equipped with which, the set

G={h:m X -7 _X&mX, [[h(es)—h(¥)l < llor—v4ll, Vo, ¥ € X, h(0) = 0}
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becomes a complete metric space. Let 0(t) = ||w4(t, ) — wy (¢, Ao)||, t < 0. Then

() < /to IT(t = s)my {falwy (5, A) + ax(w (s, A)] = faglw(s, o) + @rg (W (5, Ao))] | ds
< /to Ke=20% || falws (5, 2) + aa (wo (5, A))] = Sag [ (5, A0) + @r (wi (3, 20))][1ds
< /to Ke205 | falws (s, 0) + aa(we (5, A))] = falwe (5, 20) + g (w (s, X)) ds
+ /to Ke =20 | falwy (5, 20) + g (wo (5, 20))] = Fag [0 (5, A0) + @r (wi (5, 20))] [ ds.

From (38) and hypothesis (ii), it follows that

>
—~
~+
~—
N

0 i
/ KL% | flwy (s, ) = we (s, 20) | + [lan(w (5, A)) = arg (we (5, 20)) | | ds
t L

0
* / Kelt=9)9+ 0y (\)[|ws (5, Ao) + g (w4 (5, Ao)) | ds

t

. ]
/t KLe™9% | 0(s) + [lga(wy (s, \) — grg (w (5, X)) || ds

0
[ R ) (5, 20) + v (5,20 .
t

Using that ¢, is Lipschitz with Lipschitz constant < 1 and ¢»,(0) = 0, we obtain

0
o(t) < /tKLe(t5)“+[9(8)+II¢JA(1U+(S,A))(JAo(w+(8»/\o))ll ds

0
n / 2K et =% Cy (A)[|ws (s, Ao) | ds.

t

Now, using the same argument for gy

llax(w+(s,A)) = gx(wy-(s, X))l
llax(wy-(s, 20)) = axo (wy-(s, 20))|
[w-(s,A) = wy (s, Aol
llax(w(s; A0)) — ax, (w+(s, M)
(s) + llax(w+ (s, 20)) = @xo (w (s, 20)) |
)i llax(wy (s, 20)) = ax, (w4 (5, 20))|
[[wy-(s; M)

llax (w4 (s, 2)) = gao (w1-(5, A0))

+ IN + IA

6(s)
= 0(s) + lws (s, ho
6(s)

< 0(s) + [lws (s, M)lle (gr, gno) -
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Therefore

o(t)

IN

0
/t KLe"™ 2% [0(s) + 0(s) + [[w4(s, Mo)llp (ax, qr,)]ds

+

0
/ 2K C1 (N9 [w (s, Ao)||ds

t

0
/ 2K Le* =)+ 0 (s)ds
t

0
4 / KL% [l (s, 30) [ (aa no) ds
t

0
+ / 2K Cy(N)e =)+ [[w (s, Xo) | ds.

t

Using (39), we obtain

0 0
o) < / 2K Lelt=*)%+0(s)ds + / KLe"™9)% p(qy, qro ) K ||+ ||+ 72K D)3 s
t t
0
+ /2K01()\)e(tfs)«HK”%r||6(a+72KL)sd5
t
0 0
= / QKLe(t_S)a+H(S)dS“FKQHQD.»,_HLp(qA,q)\O)eath/ e—2KLsd8
t t
0
AR fCient [ e
t
Thus
0 0
6—a+t9(t) < / ZKLe_a+S(9(S)dS+K2||<p+HLp(q)\,q,\0)/ e~ 2KLs gg
¢ t
0
+ ARl [ e
t
0
K L
< /2KL€7a+59(8)d8+%;}(qhqko)e*zK“
t

K
+ H19;0+||Cl()\)e—2KLt.

From General Gronwall‘'s Lemma, (see [9]), it follows that

)e—zKLt + K||<P+HCI()\)€—2KL75
— 7 .

0

—a — K P+
e +t9(t) <e 2K Lt |: || ” (q)” A\
Hence

K ) Ko [C1(N) 0.
0(t) < MP(%%)G(M AKDt Mg LKLY (40)
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Now

lax(4) — anle)l < / IT(=s)m— L (5, A) + g (s (5,1)))
B4 (5, 20) + a0 (5, 20))]lds
+ [ T s)mola (s (5,2) + an(a (5, 1)
B (5, %0) + ang s (5, Ao))]lds
< [ Kl ) + a5, 0)
Bl (5, 30) + ax (s (5, 20))lds
+ [ T eyl (5, 0) £ ax (5, )]
— Bralw (5, 30) + ax (s (5, 20))lds
/ " 2R s (5,0) 1 ax s (5, 1)
- onTIUJr(Sa/\o)+QAo(w+($’>\o))]||d3
/ " 2K falus (5,0) £ ax s (5, 1)
w5, 20) + ax (s (5, 20))]lds
+ [ 2Kl (5,20) 4 gaa (0 (5, 20)]
- ono[ow+(Sa/\o)+QAo(w+(5’)\o))]||d5~

Using (38) and (ii), it follows that

IN

IN

lostes) —anlen)l < [ OOO 2 Le e { s (5,3) ~ w5, 0|
F L (s.0) = gy s 520D f s
o/ OOO 2K ey () (5, A0) + @ao (s (5, Ao) | ds
= [ 2rcne st [006) s ) = an s 200 s
4 /_0oo 2K e 5Cy(N)|[w (s, Ao) + qag (0 (5, X)) | ds
< /_Ooo 2KLe‘“°S{9(s) + lga(ws (5, X)) = qr (W (s, Ao))ll}ds

0
+ / 4K €995y (\) s (5, Ao) | ds.

Using once again that

[lax (w4 (s, 2)) = g (wi-(5, A0))[| < 0(s) + [[ws (s, M) ll2(gr; 4x0)
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we obtain
0

laa(o4) — aalo)ll < /

— 00

2K Lo~ [w(s) Tl (5, 20) (0, avo) | ds

0
+ / 4K Cy(N)e % |lw (s, Xo)||ds.

— 00

Now, using (39), it follows that

0
lor(2s) — o)l < / 4K Le~0%(s)ds

— 00

0
M / 2K2L|[o1[|p(qn, gr, e+ 02K )3 gs

— 00

0
+ / 4K |y (N el ~a0 2K D)s g

— 00

Thus,

lax(e+) = aro ()l < I+ 12 + I3,
where
0
I = / 4K Le™*%0(s)ds,
0
= / 2K L[ llp(an, grg e~ 072K ds
and

0
fs = / AK?|lp || Cr(A)elor m 02K D)3 g,

— 00

Using the estimate obtained for (¢) in (40), we obtain

0
K B . K e .
I, < / 4K [e @08 {2||SD+|P((]A,(I>\0)6(Q+ 4K L) _,_Mcl()\)e( +—4KL)s | 7o

— 00

0
[ 2R Eotarsan el 5ds

0
T O
— 00
2K Ll || 4K+ ]]
= - Tl — 1 ().
ay —ag — 4KLp(Q/\’(D°) + ay —ap—4KL 1
Furthermore,

I

0
| 2K Ll lp(an an )o@ 02K Vs

— 00

2K Lo+ | )
ar —ag —2KL

(@x, ax,)
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and
0
I = / AR o | Cr(Ael s~ 2B ds
4K |||
= — "0 Ci(N).
ay —ag—2KL 1
Therefore
2K2 Loy || 4K |||
_ < = il —————C1 (A
lax(e4) = aro ()l < ay —ag — 4KLp(q,\,qxo) + ay —ag — 4KLCl( )
2K2 Loy || AK?|p ||
tatelind 16 e ol | N — T __Cy(\
+ 0 —ag— 2KLP(CI,\7QA0) + 4 —ao—2KL 1(A)
2K2L 2K?L
o1 - p(ax; ax)
a+—a0—4KL a+—a0—2KL
4K? 4K?
N o+l [ .
a+—a0—4KL a+—a0—2KL
Hence
q _q 2K2L 2K?L
lax(9+) — axo ()l < + P(dxs Gro)
o+l ar —ao —4KL *ay —ao~2KL
AK?2 4K?
Ci(A
+ {a+—a0—4KL+a+—ao—2KL} 1(A);
which implies
D (P1) = D (9 2K°L 2K°L
sup llax(¢+) o ()l < { + p(ax; ax)
PEX, p 10 o+l ar —ap —4KL ~ap —ao—2KL
4K? 4K?
Ci(N).
+ {a+—a0—4KL+a+—ao—2KL} 1
Therefore
( ) < 2K7L + 271 ( )
PRODo) =\ UKL T ay —a — 2K L) P P
4K?
Ci(A
+ {Jr—ao—élKL +—CL0—2KL} 1)
1
< 3P P(ax, @) + Ca(N),

2 2
where Cy(\) = [a+ S IRL T e 2KL]cl(A).
Therefore

P(ax, ax,) < 2C2(N),
where C3(A\) — 0, as A — )Xo, concluding the proof. O
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