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Abstract: New applicationof the Full BayesianSignificanceTest(FBST) for
precisehypothesess presentedThe FBST s an alternatve to significancetests
or, equialently, to p-values In the FBSTwe computeheevidenceof theprecise
hypothesis. This evidenceis the complementof the probability of a credible
set“tangent”to the sub-manifold(of the parametespace)that definesthe null
hypothesisWe usetheFBSTto comparecoeficientsof variation,in applications
arisingin financeandindustrialengineering.
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1. INTRODUCTION

The Full BayesiarSignificanceTest(FBST)is presentedn Pereiraetal. (1999b)asa co-
herentBayesiarsignificancaest. The FBSTis intuitive andhasa geometridnterpretation.
It canbe easilyimplementedusingmodernnumericaloptimizationand integrationtech-
niques.Themethodis “Full” Bayesiarandconsistsn theanalysisof crediblesets.By Full
we meanthatwe needonly the knowledgeof the parametespacerepresentedy the pos-
terior distribution, without the needfor arny adhoclery, a term usedby Good(1983),like
a positive probability for the precisehypothesisgeneratinghe Lindley’s paradoxeffect.
Anotherimportantaspecbf the FBSTis its consisteng with the “benefitof doubt” juridi-
cal principle. Theseremarkswill beunderstoodn the sequellmportantissuesconcerning
invarianceanddimensiorreductionareaddressedt thefinal remarks.
Significancetests,Cox (1977),areregardedas proceduregor measuringhe consis-
teng of datawith anull hypothesidy the calculationof a p-value(tail areaunderthenull
hypothesis).Previously definedBayesiarsignificancetests like BayesFactoror the pos-
terior probability of the null hypothesisonsiderthe p-valueasa measureof evidenceof
the null hypothesisandpresentlternatve Bayesiarmeasuresf evidence,Aitkin (1991),
Bergeretal. (1987)and(1997),Irony etal. (1986)and(1995),Pereiraetal. (1993),Sellke
etal. (1999).As pointedoutin Cox (1977),thefirst difficulty in definingthe p-valueis the
way the samplespacds orderedunderthe null hypothesisPereiraet al. (1993)suggested
a p-valuethat always considerghe alternatve hypothesis.To eachof thesemeasure®f
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evidenceone could find a greatnumberof counterarguments.The mostimportantargu-
mentagainsBayesiartestfor precisehypothesiss presentedby Lindley (1957). Thereare
mary argumentdn the literatureagainsthe classicalp-value The bookby Rayall (1997)
andits review by Vielandet al. (1998)presentinterestingandrelevantargumentgo start
statisticianghinking aboutnew methodsof measuringevidence.In a morephilosophical
terms,Good(1983)discussjn a greatdetail,theconceptof evidence.

2. THE EVIDENCE CALCULUS

Considerthe randomvariable D that,whenobsened,produceshe datad. The statistical
spacas representebly thetriplet (2, A, ©) whereZ is thesamplespacethesetof possible
valuesof d, A is thefamily of measurablsubsetf = and© is the parametespace. We
definenow aprior model(®, B, ), whichis a probability spacedefinedover ©. Notethat
this modelhasto be consistentsothat Pr{A |8} turnsoutto be well defined. As usual
after observingdatad, we obtainthe posteriorprobability model (©, B, 74), wherer, is
the conditionalprobability measureon B giventhe obsenedsamplepoint, d. In this paper
we restrictourselhesto the casewherethe function 7y hasa probability densityfunction,
£1d).

To defineour procedureve shouldconcentrat@nly ontheposteriomprobabilityspace
(0, B, my). Firstwewill defineT,, asthesubsebf theparametespacevheretheposterior
densityis greaterthane.

T,={0€0|f(6]d) > ¢}

Thecredibility of T, is its posteriorprobability,
k= [ 101088 = [ f.06|da
T, e

wheref,(z) = f(z) if f(z) > ¢ andzerootherwise.
Now, we define f* asthe maximumof the posteriordensityover the null hypothesis,
attainedat theargumenty*,

6 € argarrégf(Hld) , [r=1(0"|d)

anddefineT™ = Ty astheset‘tangent”to thenull hypothesisH, whosecredibility is «*.
Themeasuref evidencewe proposen this articleis thecomplemenbf the probabil-
ity of thesetT™. Thatis, theevidenceof thenull hypothesiss

Bu(H) =1—&* or 1—mg(T*)

If theprobabilityof thesetT™* is “large”, it meanghatthenull setis in aregion of low
probabilityandthe evidencein thedatais againsthe null hypothesisOnthe otherhand.,if
the probability of 7 is “small”, thenthe null setis in aregion of high probabilityandthe
evidencein thedatais in favor of thenull hypothesis.

Although the definition of evidenceabove is quite general,it was createdwith the
objective of testingprecisehypothesesThatis, a null hypothesidor which thedimension
is smallerthanthatof the parametespacej.e. dim(©o) < dim/(0).
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3. NUMERICAL COMPUTATION

In thispapertheparametespace@, is alwaysasubsebdbf R™, andthehypothesiss defined
asa furtherrestrictedsubset9, € ® C R"™. Usually O is definedby vectorvalued
inequalityandequalityconstraints:

Qo ={0€0/|g6) <OAR®) =0}

Sincewe are working with precisehypothesesywe have at leastone equality constraint,
hencedim(0y) < dim(0).

The computationof the evidencemeasuralefinedin the last sectionis performedin
two stepsa numericaloptimizationstep,anda numericalintegrationstep. At the numeri-
cal stepswe operatewith the posteriorprobability densityfunction, f (8 | d), representing
the stateof uncertaintyat the momentof evaluation.Hence afterthe (posterior)Bayesian
updateprocessthe sampled playsno furtherrole. Computationallythe posterioris op-
timized and integrating over the parameteispace whereasthe obsenration data,d, or a
suficient statisticof it, is a constantist. To emphasiz¢his pointwe write f(6 | d) asf(6).

Thenumericaloptimizationstepconsistof findinganargumen®* thatmaximizeshe
posteriordensity f (§) underthe null hypothesis.The numericalintegrationstepconsists
of integratingthe posteriordensityover theregionwhereit is greateithan f (6*). Thatis,

e NumericalOptimizationstep:

6* € arggrééggf(é’) , o= f"=f(6")
e Numericallntegrationstep:

m:Lh@w
wheref, (z) = f(z) if f(z) > ¢ andzerootherwise.

Efficient computationaklgorithmsare availablefor local andglobal optimizationas
well asfor numericalintegrationin Fletcher(1987), Horst et al. (1995), Pinter (1996),
Krommeretal. (1998),Nemhauseetal. (1989),andSloanetal. (1994). Computercodes
for severalsuchalgorithmscanbefoundat softwarelibrariessuchasNAG andACM, or at
internetsitesaswwwornl.org.

We noticethatthe methodusedto obtain7™ andto calculatex* canbe usedunder
generalconditions. Our purpose however, is to discussprecisehypothesidesting,under
absolutecontinuity of the posteriorprobability model, the casefor which mostsolutions
presentedh theliteraturearecontroversial.
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4. COEFFICIENTOF VARIATION APPLICATIONS

TheCoeficientof Variation(CV) of arandomvariableX is definedastheratioCV (X) =
o(X)/E(X), i.e. theratio of its standarddeviation to its mean. We want to testthe
hypothesighattwo normalrandomvariableswith unknovn meanandvariance have the
sameCV:

Xl ~ N(ml,al) y X2 ~ N(mg,dg) ; H() : 01/m1 = 02/m2

We werefacedwith the necessityof testingthis hypothesisn two occasionsThefirst
applicationinvolvesthecalibrationof asensodevice. Themanufcturerclaimsthat,within
acertainrange the sensoreadingshave a constaniCV. A proposedtalibrationprocedure
makes use of this hypothesis,so it is necessaryo testit first. The secondapplication
concernghe certificationof anautomatidradingsoftware. The softwarematchesuy and
sell ordersat a proposedvirtual stock exchange. The software is supposedo be “fair”
in the senseof giving equaltreatmentto small and large orders,more precisely the CV
of orders’ executionprice shouldbe constant. We hadfull accesseitherto the sensor
projectnorthetradingsoftwaresourcecode,dueto pendingpatentsindustrialsecretsand
securityreasonsWe could however getsomeexperimentakeadingsijn thefirst case and
have someinformationon executed‘probe orders”,in the seconccase.Both casesmply
testingthe hypothesistatedabove.

4.1 ConjugateFamily

It canbe shawvn thatthe conjugatefamily for this problemis family of bivariatedistribu-
tions, wherethe conditionaldistribution of the meanm, for afixedprecisionr = 1/02, is
normal,andthe maminal distribution of the precisionr is gammaDeGroot(1970),Lind-
ley (1978).Usingthe standardmproperpriors,uniformon] — oo, +oo[ for m, and1/r on
10, +o0] for r, we getthe posteriorjoint distribution for m andr:

f(m,r|z) o< Vrexp(—nr(m — z)*/2)exp(—br)r*=!

n—1 _ 1 n _
r=[r1...2,], a= 5 ,m:E;xi,b:—Z(mi—x)z

(V]

Giventwo samplesz1 = [z1,1...2Z1,n,] @Nd, 22 = [Z21 ... 22,,] it IS better for
numericalstability, to optimizethelog-likelihood,

fl(mlarlamQaTQ |n1,§:1,b1,n2,:i'2, b2) =
(n1/2 — l)lOg(Tl) —biry — (n1r1/2)(m1 — :1_71)2
+(na/2 — 1)log(ra) — bars — (n2r2/2)(Ma — Zs)?

thehypothesideingrepresentetly the constraint
g(ma,r1,ma,re) = m2ry —miry =0

Thegradientsof fI( ) andg( ) have easyanalyticalexpressionsthat canbe givento the
optimizer:

dfl = [—nlrl(ml - 531) s (’I’L1/2 - 1)/7’1 - b1 - (n1/2)(m1 —51)2 s
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— nzrz(mz — IL_'Q) , (n2/2 — 1)/7’2 —by — (n2/2)(m2 — .’11_'2)2 ]

dg = [2myry, m?, —2mary —m%]

4.2 NumericalExamples

Figurelillustratesthe FBST constructiorin a simplercase hamely testingthe hypothesis
thatcoeficient of variationis equalto a givenconstantH : CV = ¢. We plot somelevel

curvesof the posteriordensityfunction,includingthelevel curve tangento thehypothesis
manifold. At thetangeng point, 8*, the posteriordensityattainsits maximum, f*, onthe

hypothesis.Theinterior of the tangentlevel curve, T*, includesall pointswith posterior
densitygreatethanf*, i.e. it isthehighestprobabilitydensitysettangento thehypothesis.
In Figure1 we give the FBST evidence ,Ev(H ), whentestinge = 0.1 with 3 sample<of

sizen = 16, meanz = 10 andstandarddeviationss = 1.0, 1.1, and1.5.

n=16 m=10 c=0.1
s=1.0 evid=0.93

n=16 m=10 c=0.1
s=1.1 evid=0.67

n=16 m=10 c=0.1
s=1.5 evid=0.01
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Figurel. FBSTfor H: Cv=0.1

The next two examplesin this sectioncomefrom the applicationsmentionedat the
beginningof this section.Let [z1,1, 1,2, - - -, Z1,n,] aNd[Z2,1, Z2,2, - - -, Z2,n,] DESAMplES
of two normaldistributeddata.A sufficient statisticfor thenormaldistributionis thevector
[n,z, 5], i.e. the samplesize, the obsenationsmeanand standardieviation, wheres? =
(1/n) > (z;—z)%. Wealwayshaven > 2, sotheposteriofik elihoodfunctionis integrable
ontheparametespace.
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Tables1 and 2 presentsensoreadingsand value of executedorders,two different
samplesin eachcase. The tablesalso presentthe FBST evidencefor the constantCV
hypothesisThefirst examplefavorsthe null hypothesiswhereaghe seconds againstt.

Tablel. Sensoreadings

Samplel
9.43 9.81 10.60 10.84 9.28
9.28 9.80 9.98 10.28 11.06
mean = 10.03 std, = 0.61
Sample2
21.24 16,50 21.39 21.62 21.27
22.62 19.65 - - -
mean = 20.62 std, = 1.86
Evidence
CV1/CV2 =0.66 Ev(H) =0.98

Table2. Ordervalues

Samplel
8.65 9.70 6.10 10.95 10.23
8.82 8.69 7.84 9.90 10.76
10.31 10.10 9.87 10.66 10.90
mean = 9.57 std, = 1.31
Sample2
19.34 19.00 19.93 19.65 18.09
22.59 20.88 22,56 19.00 18.76
mean = 19.98 std, = 1.48
Evidence
CV1/CV, =1.86 Ev(H) =0.10

5. FINAL REMARKS

The theorypresentedn this paper grew out of the necessityof the authors’actuities in
therole of audit,controlor certificationagentsPereiraandStern(1999a).Theseactiities
madethe authors(sometimegainfully) aware of the benefitof doubtjuridical principle,
or safeharborliability rule. This kind of principle establisheshatthereis no liability as
long asthereis areasonabléasisfor belief, effectively placingthe burdenof proofonthe
plaintiff, who, in alawsuit, mustprove falsea defendan® misstatementSucha rule also
preventstheplaintiff from makingary assumptiomotexplicitly statedby thedefendantor
tacitly implied by existing law or regulation. The useof ana priori point masson the null
hypothesisason standardBayesiartests canberegardedassuchanadhocassumption.
As audit, control or certificationagents,the authorshadto checkcompliancewith
given requirementsand specificationsformulatedas precisehypothese®n contingeng
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tables. In Pereiraet al. (1999b)we describeseveral applicationsbasedon contingeng
tables,comparingthe useof FBST with standardBayesianand Classicaltests. The ap-
plicationspresentedn this paperare very similar in spirit, but we are not aware of ary
standardexacttestin theliterature. Sometestsfor simplerhypothesisonthe CV aregiven
in Lehmann(1986). The analyticalderivationof thesetestsis quite sophisticatedwhereas
theimplementatiorof FBSTis immediateandstrivial, aslong asgoodnumericaloptimiza-
tion and integration programsare at hand. In the applicationsin this paper aswell in
thosein Pereiraet al. (1999b),it is desirableor necessaryo useatestwith thefollowing
characteristics:

e Beformulateddirectly in theoriginal parametespace.

e Takeinto accounthefull geometryof thenull hypothesisisamanifold(surface)
imbeddedn thewhole parametespace.

e Have anintrinsically geometricdefinition, independenbf any non-geometric
aspect,like the particular parameterizatiorof the (manifold representinghe)
null hypothesidbeingused.

e Beconsistentvith thebenefitof doubtjuridical principle (or safeharborliability
rule),i.e. consideiin the“most favorableway” the claim statedby the hypothe-
Sis.

e Consideronly the obsened sample allowing no ad hoc artifice (thatcould lead
to judicial contention))ik e a positive prior probability distribution ontheprecise
hypothesis.

e Consideithealternatie hypothesisn equalstandingwith the null hypothesisin
the sensehatincreasingsamplesize shouldmale the testcorvergeto theright
(accept/rejectilecision.

e Give an intuitive and simple measureof significancefor the null hypothesis,
ideally, a probabilityin the parametespace.

FBST hasall thesetheoreticalcharacteristicsandstraightforvard (computationaljmple-
mentation. Moreover, as shovn in Madrugaet al. (2000), the FBST is alsoin perfect
harmory with the Bayesiandecisiontheory of Rubin (1987),in the sensethat thereare
specificlossfunctionswhichrenderthe FBST.

Finally, we remarkthatthe evidencecalculusdefiningthe FBST takesplaceentirely
in the parametespacewherethe prior wasassesseby the scientist,Lindley (1983). We
call it the “original” parametespace althoughacknavledgingthat the parameterization
choicefor thestatisticalmodelsemanticss somavhatarbitrary We alsoacknavledgethat
the FBSTis notinvariantundergenerakhangeof parameterization.

TheFBSTis in sharpcontrastwith thetraditionalschemegor dimensionateduction,
like the eliminationof socalled“nuisance’parametersln these‘reduced’modelsthe hy-
pothesigs projectednto a singlepoint, greatlysimplifying severalprocedureslinteresting
new work in this approachcanbe found in Evans(1997). However, problemswith the
traditionalapproacharepresentedn PereiraandLindley (1987).Thetraditionalreduction
or projectionschemesrealsoincompatiblewith the benefitof doubtprinciple, asstated
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earlier In fact, preservingheoriginal parametespacejn its full dimensionjs thekey for
theintrinsic regularizationmechanisnof the FBST, whenit is usedin the context of model
selectionPereiraandStern(2000a andb).

Of coursethereis a priceto be paidfor working with the original parametespaceijn
its full dimension:A considerableomputationalvork load. But computationadiifficulties
canbeovercomewith the useof efficient continuosoptimizationandnumericalintegration
algorithms.Largeproblemscanalsobenefitfrom programvectorizatiorandparallelization
techniques.Dedicatedvectorizedor parallelmachinesnay be expensve andnot always
available, but most of the algorithmsneededcan benefitfrom asynchronousnd coarse
grainparallelism,aresourcesasilyavailable,althoughrarely used,on any PC or worksta-
tion network throughMPI, PortableParallel ProgrammingViessage-Bssinginterface,or
similar distributedprocessingrnvironments Wilson andLu (1996).
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