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1. Introduction

It is a well-known fact that a smooth manifold M—which is a geometrical object—can be encoded by an
algebraic entity, its R-algebra of smooth real functions, C*°(M, R), since there is a canonical bijection
(evaluation) M = Hompg_1g(C*° (M, R), R). This identification works even at the level of morphisms
C°(M, M') = Homg_a14(C* (M',R), C** (M, R)). Moreover, geometric constructions over a manifold
M, such as its tangent bundle, TM, remain algebraically represented: TM = Hompg_a1g(C*™ (M, R),
RIx]/ ().

The set C*° (M, R) supports a far richer structure than just the one of an R-algebra: it interprets not
only the real polynomial functions but all smooth real functions R” — R, n € N. Moreover, this
extended interpretation also satisfies all the compositional identities that hold between the smooth real
functions. Thus, C*° (M, R) is a natural instance of the algebraic structure called C*°-ring.

A more systematic algebraic study of these rings of smooth functions was carried out in the mid 1960s
and early 1970s. It was not until the decades of 1970s and 1980s that a study of the abstract (algebraic)
theory of C*°-rings was made, mainly in order to construct—out of the ideas of F. W. Lawvere—topos
models for Synthetic Differential Geometry [12, 17-19]; In [10], the first steps toward an “algebraic
geometry of C°°-rings” were taken, through the definition of the C°°-schemes.

The interest in C*°-rings gained strength in recent years [2, 8, 9, 13, 20]. In [13], D. Joyce presents the
foundations of a version of Algebraic Geometry in which the role of rings is replaced by C*°-rings, with
the goal to apply these new notions and results to Differential Geometry: this can be considered as a part
of a larger (and ambitious) program, also pursued by D. 1. Spivak (see [20]), of extending/transferring
Jacob Lurie’s program of Derived Algebraic Geometry to Derived Differential Geometry.

CONTACT Jean C. Berni @jeancb@ime.usp.br e Department of Mathematics, Institute of Mathematics and Statistics, University of
Séo Paulo, Sao Paulo, Brazil.
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In [8], Kremnizer and Borisov give a detailed account of six notions of radicals of an ideal of a C*°-
ring, among which we find the co-radical of an ideal of a C°°-ring. Here we focus on this concept, that
we call “ the C*°-radical” of an ideal: this concept first appeared in [17], and it is germane to the theory of
C°-rings, carrying some differences with respect to the usual notion of radical in ordinary Commutative
Algebra—which only makes use of powers of elements.

The difference between the notions of “radical” and “C*°-radical” ideals brings us, alone, a whole new
study of some important concepts, such as C*°-reduced C*°-rings and the “smooth Zariski spectrum.”
This “smooth” depiction of Zariski’s spectrum presents some crucial differences when compared to
the ordinary Zariski spectrum, both in its topological features and in its functorial and sheaf-theoretic
features (see [3, 15]).

This paper also provides some sketches for proofs of results scattered across literature, filling in some
gaps. The main reference on Category Theory is [14]. For Commutative Algebra we refer the reader to

[1].

Overview of the Paper:

In the Section 2 we provide some preliminaries on the main subject on which we build this
version of Commutative Algebra, the category C°°-rings, presenting some definitions and some of their
fundamental constructions (the main definitions can be found in [19], and a more detailed account of
C*°-rings can be found, for example, in [4]).

In the Section 3 we present the C* parallels of the ordinary Commutative Algebraic construction
of the ring of fractions, radicals and the concept of saturation. In order to prove the existence of the
C*-ring of fractions we make use of the notion of the C*°-ring of C°°-polynomials, studied in [4], and
then we define the concept of “smooth saturation” (Definition 3.3 of Section 3.1), pointing some of its
relationships with the ordinary concept of saturation (Theorem 3.7). We state and prove various results
about this concept.

We start by recalling the ordinary Commutative Algebraic construction of the ring of fractions,
radical of an ideal and the concept of saturation, motivating the introduction of their C* parallels. In
order to prove the existence of the C*°-ring of fractions we make use of the notion of the C*°-ring of C°*°-
polynomials (see [4]). We study the concept of “C*°-radical” introduced in [17], relating it to concept of
“smooth saturation,” introduced in [2], pointing some of its relationships with the ordinary concept of
saturation in Commutative Algebra. We present many results about these three concepts. In Section 4
we present distinguished classes of C*°-rings (i.e., C°°-rings which satisfy some further axioms), as C°°-
fields, C°*°-domains and local C°°-rings. We prove some results connecting the filter of closed subsets
of R” and the set of C*°-radical ideals of C*°(R") (in fact, a Galois connection [Proposition 4.10]), as
well as various results about them—including the fact that the C*°-radical of any ideal is again an ideal
(Proposition 4.6). The authors know of no such proofin the current literature. From the preceding results
on smooth saturation and on smooth radical ideals, we present in Section 5 a similar version of the
Separation Theorems (Theorem 5.1) one finds in ordinary Commutative Algebra.

In Section 6 we present some order-theoretic aspects of C*°-rings, defining fundamental concepts as
the “real C*°-spectrum” of a C*°-ring—a concept introduced in [7]—and its topology (the “Harrison
smooth topology”), establishing that every C°°-ring is semi-real (Proposition 6.4) and, as an application
of the Separation Theorems, we prove an important result which establishes a spectral bijection from the
real C*°-spectrum of a C*°-ring to its smooth Zariski spectrum (Theorem 6.22): comparing this smooth
algebraic scenario with the usual commutative algebraic setting, this is a surprising result.

2. Preliminaries

We provide here the main preliminary notions on C°°-rings, with respect to their universal algebra (cf.
(4]).

In order to formulate and study the concept of C*°-ring, we use a first order language, £, with a
denumerable set of variables (Var(£) = {x1,x2, ..., Xy, .. .}), whose nonlogical symbols are the symbols
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of C*°-functions from R™ to R", with m,n € N, i.e., the non-logical symbols consist only of function
symbols, described as follows:

For each n € N, the n-ary function symbols of the set C*°(R", R), i.e., F(n) = fM|f € C®R",R)}.
Thus, the set of function symbols of our language is given by:

F=JFm=JC>®".
neN neN

Note that our set of constants is identified with the set of all 0-ary function symbols, i.e., C = F(o) =
CP(R?) = C®({*)).

The terms of this language are defined, in the usual way, as the smallest set which comprises the
individual variables, constant symbols and n-ary function symbols followed by # terms (n € N).

Functorially, a (set-theoretic) C*°-ring is a finite product preserving functor from the category C*°,
whose objects are of the form R”, n € N, and whose morphisms are the smooth functions between them,
i.e., a finite product preserving functor:

A:C*® — Set

Apart from the functorial definition and the “first-order language” definition we just gave, there are
many equivalent descriptions. We focus, first, on the universal-algebraic description of a C*°-ring in Set,
given in the following:

Definition 2.1. A C°°-structure on a set A is a pair 2 = (A, ®), where:
D: UpenC*RLR) — U ,en Func (A" A)
FRER) > ) =(t:A" > A)

that is, @ interprets the symbols! of all smooth real functions of # variables as n-ary function symbols
on A.

We call a C*®-structure A = (A, ®) a C*°-ring whenever it preserves projections and all equations
between smooth functions. More precisely, we have the following:

Definition 2.2. Let % = (A, ®) be a C*°-structure. We say that 2 (or, when there is no danger of
confusion, A) is a C*°-ring if the following is true:
e Given any n, k € N and any projection py : R* — R, we have:
A= (Yx1) - (Vo) (pr(x15 - - -5 %) = Xk)-
e For every f,g1,...g» € C°(R™,R) with m,n € N, and every h € C*°(R",R) such that f =
ho(gi,...,gn), one has:

A= (Vx1) - (Vo) (F (X155 Xm) = BT, -+ 5 Xm)s - > €n(X1s - o5 Xm)))-

Definition 2.3. Let (4, ®) and (B, ¥) be two C*-rings. A function ¢ : A — B is called a morphism of

C®°-rings or C*°-homomorphism if forany n € Nand any f : R" < R, one has W (f) o™ = o ®(f),
where ¢ = (¢,...,¢) : A" — B".

Remark 2.4. (onuniversal algebraic constructions) It is not difficult to see that C*°-structures, together
with their morphisms (which we call C*°-morphisms) compose a category (see Theorems 1 and 2 of
[4]), that we denote by C*°Str, and that C*°-rings, together with all the C*°-morphisms between C*°-
rings (which we call C°°-homomorphisms) compose a full subcategory, C°°Ring. In particular, since

"Here considered simply as syntactic symbols rather than functions.
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C*°Ring is a “variety of algebras” (see Remark 5 of [4]), i.e., it is a class of C*°-structures which satisfies
a given set of equations, (or equivalently, by Birkhoff’s HSP Theorem) it is closed under substructures
(Definition 8 of [4]), homomorphic images (Proposition 7 of [4]) and products (Definition 10 of [4]).
Moreover:

e C°°Ring is a concrete category and the forgetful functor, U : C*°Ring — Set creates directed inductive
colimits (see p. 22 of [19]);

e Each set X freely generates a C*°-ring (see Section 3 of [4]). In particular, the free C*°-ring on n
generators is C*°(R"), n € N (see Proposition 1.1 of [19]);

e Every C*°-ring is the homomorphic image of some free C°°-ring determined by some set, being
isomorphic to the quotient of a free C*°-ring by some congruence;

e The congruences of C*°-rings are classified by their “ring-theoretical” ideals (Proposition 17 of [4]);
e In C*°Ring one defines “the C°°-coproduct” between two C*°-rings A = (A, P) and B = (B, V),
denoted by A ®oc B (see Section 4.2 of [4]);

e Using free C°°-rings and the C*°-coproduct, one gets the “C°°-ring of polynomials” on any set S of
variables with coefficients in A, given by A{x; | s € S} = A ®co C®(RS) (see Section 4.3 of [4]).

3. Smooth rings of fractions

We begin by giving a description of the fundamental concept of “smooth ring of fractions”, presenting

a slight modification of the axioms given in [17]. In order to show that the C°°-ring of fractions exists in
the category of C*°-rings, we use the C*°-ring of C°°-polynomials. The definitions and results we state
here may be found with more detail in [5].

We turn to the discussion of how to obtain the ring of fractions of a C°>°-ring A with respect to some
of its subsets, S C U(A, ).

For any commutative unital ring R, one characterizes S™!R by the following universal property (cf.
Proposition 3.1 of [1]):

Proposition 3.1. Given a ring homomorphism g : R — B such that (Vs € S)(g(s) € B*), there is a unique
ring homomorphismg : ST'R — Bsuch thatgons = g.

In order to extend this notion to the category C*°Ring we make use of the universal property
described in Proposition 3.1, as we see in the following:

Definition 3.2. Let A be a C*°-ring and S € A one of its subsets. The C*°-ring of fractions of A with

respect to S is a C*-ring, A{S™!}, together with a C>*-homomorphism ng : A — A{S™!} satisfying the

following properties:

(1) (Vs € $)(ns(s) € (A{S™'H™)

(2) If ¢ : A — Bis any C°°-homomorphism such that for every s € S we have ¢(s) € B*, then there is
a unique C*°-homomorphism @ : A{S~!} — B such that the following triangle commutes:

A s A{S™1

7

¢
B

By this universal property, the C*°-ring of fractions is unique, up to (unique) isomorphisms.

The existence of such a C*°-ring of fractions is proved making use of the constructions available
within the category C*°Ring, such as the free C*°-ring on a set of generators, their coproduct, their
quotients and others described in [4].
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3.1. Smooth saturation

A key concept for Commutative Algebra was introduced by A. Grothendieck and J. Dieudonné in [11],
namely the concept of “a saturated (multiplicative) set”: given a commutative unital ring, A, and S C A,
the saturation of S was defined by S = {a € A|(3d € A)(a-d € (S))}, where (S) denotes the
multiplicative submonoid of A generated by S. In other words, the saturation of a set S is the set of
all divisors of elements in (S).

One easily checks that the saturation of a subset S of a commutative ring A equals the pre-image
of the set of all invertible elements of A[S™!] by the canonical map ns : A — A{S7!}, ie, S =
n;[(A[S_l])X]. We use this specific characterization in order to introduce the concept of “the smooth
saturation of a subset S of a C*°-ring A, that we are going to denote by $>° 5.

Definition 3.3. Let A be a C*°-ring, S C A and (F, o) be a ring of fractions of A with respect to S. The
smooth saturation of S in A is:

§Ost.— {3 € Alo(a) € F*).

It is straightforward to check that the smooth saturation of a subset of A does not depend on any
particular choice of the “inverting” C*°-homomorphisms, that is, if both (F,o) and (F/,¢0”) satisfy the
Definition 3.2, then ¢ /[F*] = O‘H[F/X] (for a proof, see Proposition 3.6, p. 14 of [5]).

Remark 3.4. Since foreverys € S, ns(s) € (A{S™1})*, from now on we use the more suggestive notation:

s e ) (1/ns) = s ™",
Foranya € A and s € S we write:

1@ @ s
ns(s)

Alternatively, but equivalently, we have:

Definition 3.5. Let A be a C*°-ring and let S € A be any subset. The smooth saturation of S is
§°7sat — g [A{S™1}*], where s : A — A{S™!} is the canonical map of the ring of fractions of A with
respect to S.

Remark 3.6. Let A bea C*°-ring, S C A and consider the forgetful functor, ¢/ : C°*°Ring — CRing. We
have always $% C §o°0—sat,

Theorem 3.7 (Theorem 3.11 of [5]). Since ng® : A — A{S™'} is such that nglS] < (A{S™1)*, then
(ngAIS] < (U(A{S')))*, so by the universal property of the ring of fractions, ns : U(A) — U(A)[ST!],
there is a unique R-algebras homomorphism Can : U(A)[S™'] — U(A{S™'}) such that the following
diagram commutes:

A & UA)[S]
Can
Hos UGSy

In these settings, the following assertions are equivalent:
(1) gsat — goo—sat,
(2) Can is a ring-isomorphism.
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Now we give some properties relating the inclusion relation among the subsets of a C*°-ring and their
smooth saturations.

Proposition 3.8 (Proposition 3.12 of [5]). Let A be a C*°-ring and T,S < A be any two of its subsets.
Then:

(i) AX C Soofsat

(ii) S C Soo—sat

(iii) S C T implies S5 C T gpd

(iv) S°O7S = (§)°74 where (S) is the submonoid generated by S.

Some necessary and sufficient conditions for the C*°-homomorphism ns : A — A{S™!} to be a
C*-isomorphism are given below:

Proposition 3.9. The following assertions are equivalent:
(i) ns:A — A{S™'}isa C>-isomorphism;

(”) Soo—sat C AX,'

(iii) $°75% = A%

Proof. Naturally (i) = (ii), for if ng is an isomorphism, both ns_l and ng preserve invertible elements
and A* = 5 '[(A{STI)*] = n3[(A{S™1})*] = $**. Since we always have A C $°7%%, (ij) implies
that A™ = §°7%% o (ii) = (iii).

Finally, note thatids : A — A has the universal property of the ring of fractions of A with respect to
A%, so it follows that (idg : A — A) = (4% : A — A{(A*)™'}). Thus n4x must be the composition
of a C*°-isomorphism with id4, thus a C*°-isomorphism.

O

Observe that, by Proposition 3.2, we have AX = ny«[(A{(AX) 71} *] = (AX)%°73 _thatis, AX isa
“C™-saturated set”
Next we give some properties of the smooth saturation of a set.

Proposition 3.10. Let A be a C*-ring and S C A be any of its subsets. Then

(Soo—sat)oo—sat — Soo—sat

Proof. Since S C S®~%, there exists a unique morphism jrggeo—sar : A{ST!} — A{(S®°7%3)~1} such
that Lggeo—sat © g = ngoo—sat. By the definition of S5, we have ns[S®~53] C (A{S™!})*, and by the
universal property of ngeo—sat : A — A{(S®°7%3%) 71}, there must exist a unique v : A{(S®~%)~1} —
A{S™1} such that v o geo—sat = 1g.

Thus, we get two commuting diagrams:

A[(S©sy Afs™)
N goo—sat ns
v H ggoo—sat
. T goo—sat .
A = A{ST!Y |idysosan-1) A —— s A{(S®) ey
Nggoo—sat v
7] goo—sat ns

A{(Soo—sat)—l} A{S_l}
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0 (igse—sat) ™! = v, and pgge—sat is an isomorphism. Hence A{S™!} = A{(S®°~*3%)~1}, and by
Definition 3.2, (§°°~sat)o0—sat — goo—sat, 2

Proposition 3.11. Ifg,h : A{S™'} — B are two morphisms such that g o ns = ho ns then g = h. In other
words, ns : A — A{S™'} is an epimorphism.

Proof. Since g o ns is such that (g o 15)[S] € B*, there exists a unique morphism 7 : A{S™!} — B such
that f o s = g o 1. By hypothesis we have & o s = g o 15, s0 g has the property which determines 7
andg=1t=h. O

Proposition 3.12. Let A be a C*-ring and S, T C A two of its subsets. The following assertions are
equivalent:

(l) SOO*Sat C TOO*Sat

(ii) There is a unique morphism w : A{S™'} — A{T ™'} such that i o ns = nr.

Proof. See Proposition 3.16 of [5].

O
Corollary 3.13. The following assertions are equivalent:
(i) Soo—sat — Too—sat
(ii) There is an isomorphism p : A{S™'} — A{T™'} such that ju o ns = nr;
(iii) There is a unique isomorphism j : A{S™'} — A{T~'} such that j1 o ns = nr.
Proof. See Corollary 3.17 of [5].
O

Proposition 3.14. Let A be a C*°-ringand S, T two of its subsets such that S C T. The following assertions
are equivalent:

(i) psr: A{S™Y} — A{T™'} is a C*®-isomorphism;

(i) SCT C8*™%

(iii) Too—sat — Soo—sat.

Proof. Ad (ii) — (iii): Since S C T we have S®°7% C T3 and since T C S~ we have T°~% C
(Soo—sat)oo—sat — Soo—sat. Thus Soo—sat - Too—sat C Soo—sat and Soo—sat — Too—sat_ Assuming (lll), note

that we always have T C T, and since T% = §%, it follows that T C S$* - so (ii) holds. Finally, the
equivalence (i) <= (iii) was established in Corollary 3.13. O

Proposition 3.15. Let A be a C*°-ringand S C A. Whenever {S;}ic; is a directed system such that:
s=Js
iel
we have:
oo—sat
oco—sat __ . _ J00—sat

Proof. 1t is clear that |, ;
following directed colimit:

§; 078t C goe—sat Note that A{S~!} is isomorphic to the vertex of the
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. -1
h—r>nz'ezA{S’ J o

o ]
/ \\\
AN

7 ) N
Oﬂ] A{S]_l }

AfSi™1

and that ns : A — A{S™!} is such that for any i € I, ns[S;] < ns[S] C (A{S™!})*, so by the universal
property of s, : A — A{(S;) !}, there is a unique C*°-rings homomorphism ¢; : A{(S;))"!} — A{S™!}
such that ¢; o n5, = 7s, so

A(S™Y}

A(S1) o ALS)

commutes for every i,j € I such thati < j (for ng, : A — A{S;~!} is an epimorphism). By the universal
property of the colimit, there is a unique C°°-homomorphism ¢ : h_r)nie] A{S;7'} — A{S™!} such that
(Vie D(goa; = ¢i).

On the other hand, givens € S = | J,; S; there is i € I such thats € S;, so ns,(s) € A{S;~!}*. Taking

iel
X

7:=aons : A —> li_n)lielA{Si_l}, we have 7(s) € (IEQ,-E[A{SI’_I}) . By the universal property

of ns : A — A{S™'}, there is a unique C**-homomorphism v : A{S™!} — li_r)nieIA{Si_l} such that

¥ o ns = 7. Now, it is easy to see, by the universal properties involved, that ¢ and  are inverse C*°-

X
isomorphisms and that 7" |:(r£>nieIA{Si_l}) ] = Uies S, 50 S = ;g S O

Our next goal is to give a characterization of ring of fractions in C*°Ring using a similar axiom-
atization one has in Commutative Algebra. In order to motivate it, we first present an important
characterization of the ring of fractions in CRing.

Fact 3.16 (Theorem 3.23 of [5]). Let A be a commutative ring with unity and S € A. Then ¢ : A — Bis
isomorphic to the localization map n : A — A[S™'] if and only if:

(i) (YbeB)(3ce S)3d € A)(b- ¢(c) = p(d))

(ii) (Vb € A)(p(b) =0 — (Ac € S)(c-b=0))

hold.

For C*°-rings we have the analogous result, that generalizes Theorem 1.4 of [17], in the sense that it
is an equivalence (an “if and only if” statement) and that S needs not to be a singleton:

Theorem 3.17. Let AbeaC®™-ring ™ C A aset. Then ¢ : A — Bisisomorphic to the smooth localization
Ny : A — A{Z7 Y} ifand only if:

(i) (Yb e B)(3c € =75 (3d € A)(b- ¢(c) = ¢(d))

(ii) (Vb € A)(p(b) =0 — (3c € T®°W)(c. b= 0))

hold.

We postpone the proof of this theorem, giving it right after Remark 3.24.

Theorem 3.18. Let A, A be C®-rings, ¥ C Aandletn : A — Abea C*>-rings homomorphism such
that:

(i) (vde A)@Ebe A)Ec e A)(nz(c) € A*&(d-n(c) = nz(b));

(i) (Vb € A)((ng(b) = 03) — (Fc € A)((nz(c) € A)&(b-c=04)))

Then ny : A — A is isomorphic to Cang, : A — A{S,,_l}, where S, = ng[AX].
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Proof. First we show that ny : A — A has the universal property which characterize Cang, .

Letf : A — BbeaC®-rings homomorphlsm such that f[S;] € B*. We are going to show there is a
unique C*°-rings homomorphlsm f A — Bsuch that f ony =f.

Note that nx[S,] = TIE[T)E[A 1< A,

Candidate and Uniqueness of f Let fl, f2 A — Bbe such that f1 ony =f= f2 o1n.

From hypothesis (i), given any d € A there must exist b,c € A with nx(c) € A, such that d =
n()/n(c), so:

Ad =hH0®) -1 =A0®) An©) " =
=Fom® - ((hom@) ' =fb)-f© " =FHom®) - (hon(e) ' =
=Hn®) - H0© ™" =hn®) 10" =fH(d)

Thus f1 f2 -

Existence of f: We know that for every d € A there are b, ¢ € A, () € A%, such that d = n(b) -
1n(c)~L. We define the following relation: f = {(d,f(b) - f(c)~})|d € A} C A x B, which can be proved
to be a function. - ~

Therefore, there exists exactly one function f : A — Bsuch thatf on = f.

—_~—

Note that, by the very definition of Cans, , Cang, [S,] € AlS; 1}* 5o there is a unique function Cang, :

A— AlS; 11 such that 62_1;15/” o n = Cang,. Now, from the universal property of Cang, there exists a
unique C*-ring homomorphism, 7 : A{S;'} — A, such that 7 o Cang, = 1.

We claim that 7] is a bijection whose inverse is 6;’1_;. In fact, (7 o &H{,}) on =17o(Cang, on) =

No Cang, = n =1idjon,so Mo Cang, ) o = idy o n. We have seen, however, that there is exactly one

function @ such that ¢ o o1 =150 it follows that id;\ =7 o Cang,.
On the other hand, Cans o7o Cang, = Cans on = Cang, = 1d sy © Cang,, so by the universal

property of Cang, we have id; (-1, = Cang, o 7. Hence Cang, is the C°°—r1ngs isomorphism between n
n
and Cang, , that is, it is a C*°-rings isomorphism such that the following diagram commutes:

£ A

A

Cangq
Cang,

A{S; 1)

O

In order to smoothly invert larger subsets of C°°(R") for some n € N, say ¥ € C*°(R"), which is a
set that contains possibly a non-countable amount of elements, we proceed as follows. First notice that
we can obtain the C°°-ring of fractions of C>°(R") with respect to the singleton ¥ = {f : R" — R},
provided that f # 0 - as originally presented by I. Moerdijk and G. Reyes in [17]. Whenever ¥ =
{fi>....fkx} for some k € N, inverting ¥ is equivalent to inverting [[ X = fi - f2 - - - fk—1 - fx. Now, if ¥ is
1nﬁn1te, we first decompose it as the union of its finite subsets £ = Uy, 5 X'

Note that S = {X’ € X|X/ is finite} is partially ordered by the inclusion relation. Also, whenever
¥ C ¥/, since ns[T'] € s [27] € (A{Z”"'})%, it follows from the universal property of ny» :
A — A{Z"™"), that there is a unique C*°-homomorphism o'y : A1 — A{Z”'} such that the
following diagram commutes:
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A{z/fl}
Ny .
I
i

A :aZ’Z”
\ i
, ~

Nt A{Z//_l}

It is simple to prove, using the “uniqueness part” of the C°*°-homomorphism obtained via universal
property, that for any finite X’ we have ay/sy = id, 51}, and that given any finite X', ©” and X"

such that ¥ € X" C ¥, agrg» o asrgr = asysw. Thus we have an inductive system {ax/y/ :
Al > A{E”_l}|(2/ e & C Z”)} We take, then, the colimit of this system A{X !} =
. 7— ’— 1
11_n)12/gﬁnz AlZ Ty = 11m2 c A ]_[ P
Az
/5 asn
A{E/ 1} Gyl A{ZN 1}

Thus, given any C*®-ring A and any & C A, we take 5, = ax oy : A — A{EZ 7!}, which can be
easily proved to have the universal property that characterizes the C*°-ring of fractions of A with respect
to 3.

The concept of C*°-saturation of a subset of a C°°-ring enables us to state the Proposition 1.2 of [17]
in simple terms, as follows:

Remark 3.19. In the case that A = C®°(R") and & = {f : R” — R}, we have ™% = (g ¢
C® (RM|Ur € Ug} = {g € C (R"IZ(® < Z(NH)}.

I. Moerdijk and G. Reyes show (for example, in [17]) that given ¢ € C*°(R"), denoting U, = {x €
R"|¢(x) # 0} = Coz(p) we have C**(Uy) = CR"™)/({y - ¢(x) — 1}).

We now state a result, credited to Ortega and Muoz by I. Moerdijk and G. Reyes in [17], that shall
be used in the sequel:

Proposition 3.20. Let U € R" be open, and g € C*°(U). Then there are h,k € C®(R") with U, = U
and g -k [u=h [y. where Uy = R" \ Z(k) and Z(k) = {x € R"|k(x) = 0}.

Now we turn to prove a very useful result which describes, in detail, the elements of A{S™!}.

Theorem 3.21. Let A be aC*®-ringand S C A. An element ). = ns(c)/ns(b) (withc € Aandb € S°~%)
is invertible in A{S™'} if, and only if, there are elements d € S®™ and ¢’ € A such that dc'c € S>3,
that is,

ns(c)
ns(b)

Proof. Suppose ns(c)/ns(b) € (A{S™'})*, so thereare ¢ € A and b’ € S°°~%3¢ such that:

ns©) ns€) _ o
nsb) ns@) AT

€ (A{STIH* = 3Ad e @A € A)d - - c e §PT5),

=ns(1a).
Thus,
ns(c- ) =ns(b-b)
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and
ns(c-d —b-b)=0
By Theorem 3.17, there is some d € $°°~%* such that:
d-(c-d=b-V)y=0

thatis, such thatd-c- ¢ =d-b-b € S5 whered-b-b' € S % (since it is a product of elements
of $°7%3 which is a submonoid of A).

Conversely, let ns(c)/ns(b) € A{S™1} with b € §°752 be an element for which there are d € §*° 52
and ¢ € Asuchthatd-c-c¢ € S5 Wehave ns(d - ¢ - ¢) € (A{S'H* and b € §° 5% 5o
ns(b) € (A{S™')*, and

ns(d-c -c) i
_ A{S .
s D) e A{ST)
Since
ns(c) o oms(d-d o) 1 x
I ped- ) = 222 T o (AlS
sy 4 O= T, <UD

it follows that ns(c)/ns(b) € (A{S™'})*, for the product of invertible elements is, again, invertible. [

Proposition 3.22. Let U C R" be any open subset and define Sy = {g € C*°(R")|U C Uy} € C*(R").
The C*°-ring of fractions of C*° (R") with respect to the set Sy:

nsy : CC(R") — C®(R"{Sy™"}
is isomorphic to the restriction map:

p: C®MRY — C®(U)
h = ]’l[U

Proof. For a detailed proof, see Proposition 3.30 of [5].
O

Remark 3.23. Let A be a C*°-ring and a € A. In general, the C°°-ring of fractions of A with respectto a
is not alocal C*°-ring. Let us consider the case in which A = C*°(R") and a = f : R" — R is such that
f # 0. By Theorem 1.3 of [17], A{a™!'} = C®°(R"){f !}, and C®°(R"){f !} = C*°(Uy), where Uy =
Coz (f) = R" \ Z(f). Thus, for every x € Uy, we have a maximal ideal m, = {g € C*°(Uy)|g(x) = 0},
hence a continuum of maximal ideals in C*°(R").

Remark 3.24. In the context of Proposition 3.22, note that if f € C°°(R") is such that U = Uy, we have
SU — {f}oo—sat'
f

Now we are ready to prove Theorem 3.17. We do so first proving the result for quotients and then for
colimits.

Proof of Theorem 3.17: The case where A = C°(R") was proved in Proposition 3.22. Sup-
pose that A = C®(R")/I for some ideal I and ¥ = {f}. By Corollary 3.46 of [5], we have
(C®RM/D{(f + nl = COO(R“){f_l}/(nf[I]), so items (i) and (ii) of Theorem 3.18 hold for the
quotient. The slightly more general case, in which X is finite, follows immediately from the fact that
ATy = AT f )

Now let A be a finitely generated C*°-ringand S C A be any set, so we can write S = (Jg, S Since
A{Sly = h_r)nS,CSA{s’*l}, items (i) and (i) hold for A{S™!}.

Finally, given any C*-ring B (not a necessarily finitely generated one) and any set S C B, we write B
as the directed colimit of its finitely generated C*°-subrings, h—n>lB,~cfg 8 B; and define S; = ]i_'[S], where
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Ji + Bi — Bis the injection in the colimit. Since by the cases already proven items (i) and (i) hold for
every B;{S; !}, the same is true for B{S~!} = 1i_n>13-cﬁ B Bi{S;~1}. O

Now we turn to the concept of a “C°°-radical ideal” in the theory of C*°-rings, which plays a similar
role to the one played by radical ideals in Commutative Algebra. This key concept was first introduced by
I. Moerdijk and G. Reyes in [17] in 1986, and explored in more details in [18]. Contrary to the concepts of
C°-fields, C*°-domains and local C*°-rings, the concept of a C*°-radical of an ideal can not be brought
from Commutative Algebra via the forgetful functor. Recall that the radical of an ideal I of a commutative
unital ring R is given by VI = {x € R|(3n € N)(x" € I)}. The most fitting characterization of this
concept to Smooth Commutative Algebra is given below:

VI=(")ip € Spec R)|I C p} = {x € R| G) [(x+ D= o} .

Moerdijk and Reyes use the latter equality in order to motivate their “ad hoc” definition:

Definition 3.25. Let A be a C*°-ring and let I C A be an ideal. The C°°-radical of I is given by:

V1= {a € A| (‘%) {a+ D)1 = {0}}

Unlike what happens in ordinary Commutative Algebra, it is not evident, up to this point, that
whenever I is an ideal of a C*°-ring, ¥/T is also an ideal. This fact shall be addressed later on.

The C*°-radical of an ideal may be characterized in terms of the smooth saturation, as we show in the
following:

Proposition 3.26 (Proposition 3.48 of [5]). Let A be a C*°-ring and let I C A be any ideal. We have the
following equalities:
VI = {a € Al@b € D&(1a(b) € (Ala™' D)} = {a € AN (@) £ o)

where n, : A — A{a™'} is the morphism of fractions with respect to {a}.

Proposition 3.27. Let A and B be two C*°-rings and S C A and f : A — B a C*°-homomorphism. By the
universal property of ns : A — A{S™'} we have a unique C>-homomorphism fs : A{S™1} — B{f[SI"!}
such that the following square commutes:

A AT

f lalfs

-1
B BT B{f(S1™"}

Moreover, if f : A — B is surjective, i.e., B = A/ker(f), then fs : B — B{f[SI'} is surjective and
B{f[S)'} = A{S™1}/ker(fs).

t .
Proposition 3.28 (Theorem 3.41 of [5]). Let B be the directed colimit of a system {A, 4 Ajle,j € I} of
C*-rings, that is,

B = h—I>n£eI Ae

ti tj
Lj

A Aj

is a limit co-cone, so given any u € B, there are j € I and u; € Aj such that tj(uj) = u. Under those
circumstances, we have:
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. -1y ~ —1
h_n)lAk{uk } = B{u '}
k>j

Using this proposition, we can prove that:

oo—sat
(“ﬁz Sf) = lim S5 € lim 4,
iel iel iel

(for a detailed proof, see Corollary 3.43 of [5]).

4. Some classes of C*°-rings, the C*°-spectrum and C*°-saturation

In this section we present some distinguished classes of C*°-rings, such as C*°-fields, C*°-domains,
C*-local rings and reduced C*-rings. The concept of von Neumann regular C*°-ring is explored in
details in [6]).

In [17], we find definitions of C*°-fields, C°°-domains and C*°-local rings: they are C*°-rings
such that their underlying R-algebras are fields, domains and local rings in the ordinary sense,
respectively.

Following I. Moerdijk and G. Reyes, we use the C*°-version of the prime spectrum in Smooth
Commutative Algebra by taking, among all prime ideals of a C°°-ring, only the C*°-radical ones (since
“being prime” does not imply “ being C*°-radical’, cf. [18]). We denote the set of all prime proper C*°-
radical ideals of a C°°-ring A by Spec®°(A).

Proposition 4.1 (Proposition 4.3 of [5]). Let A beaC™-ringandp € Spec™ (A). Then Ay, := A{A \ p~'}

is a local C*°-ring whose unique maximal ideal is given by m), = { Zii’; 8 [(x e p)&(y e A\ p) ]

Proposition 4.2 (Proposition 4.4 of [5]). Let A be a C*°-ring. The following assertions are equivalent.
i) AisaC®-field;

ii) For every subset S C A \ {0}, the canonical map Cang : A — A{S™!'} is a C*-ring isomorphism;
iti) Foranya € A\ {0}, we have that Can, : A — A{a~'} is a C*°-isomorphism.

In ordinary Commutative Algebra, given an element x of a ring R, we say that x is a nilpotent
infinitesimal if and only if there is some n € N such that x” = 0. Let A be a C*°-ringand a € A. D.
Borisovand K. Kremnizer in [8] call a an co-infinitesimal if, and only if A{a=!} = 0. The next definition
describes the notion of a C*°-ring being free of co-infinitesimals - which is analogous to the notion of
“reducedness’, of a commutative ring.

Definition 4.3. A C*°-ring A is C*°-reduced if, and only if, %/(0) = (0).

Among the C*°-reduced C*°-rings we can highlight the C*>°-fields.
The following result is crucial to the proof of the main theorems of this work.

Theorem 4.4. Let A be a C*°-ring, S C A, and I C A any ideal. Then:

ns(b)
ns(d)

(nslI) = { |beI&d e sw—sa‘}

Proof. Given h € (ng[I]), thereare n € N, by,...,b, € Tand ay,...,0, € A{S7!} such that h =
Do i - ns(by).
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Foreachi € {1,...,n} thereare ¢c; € A and d; € S®°~% such that «; - ns(d;) = ns(c;), so

h= Za,~ns<b> Zns(d) ns(c) - ns(bi),

and denoting b := ¢; - b; € I, we get:

= ns(b)
h = !
; ns(di)

Foreachi=1,...,n,let
v/ =] [d
J#i
SO
ns (]_[j#l dj) ns(b)  ns (]_[j#z dj) ns(b3) ns (]_[j#n dj) ns(b;)
ns(dy ... dyn) ns(dy ... dy) ns(dy - ..dn)
Hence:
hens(dr...dy) = ns (]‘[ dj) ns(b}) + s (1‘[ d,-) ns(by) + -+ +ns (]‘[ dj) ns(b},).
Jj#1 i#2 j#n

el

——
Let b := (]_[j#i d,-) - b; elsowehaveh-ns(d;...d,) = YL nsb) = ns (X1, b/). Since
ns(dy...dy) € A{ST1V,d =d;...d, € S, 50 taking b = Yo b, wehave b € I, sinceitisa

ns(b ), with b € Tand d € §°75¢,
ns(d)

The other way round is immediate. O]

sum of elements of I, we can write & - ns(d) = ns(b), and h =

As a consequence of Theorem 4.4, we characterize C°°-reducedness in terms of the C°°-saturation:

Corollary 4.5. If A is a reduced C*°-ring, then we have:
(Ya € A)((0 € (a}*7) < (a=0))

4.1. The C®°-radical of an ideal is an ideal

Given I € C®(R") any ideal, T = {A € R"Aisclosedand 3f € D)(A = Z(f))} is a filter on the
set of all the closed subsets of R". Moreover, I is a proper ideal if, and only if, I is a proper filter (see
Proposition 4.9 of [5]). Also, given any filter 7 on the set of all the closed subsets of R”, we define
F= {f € C*°(RMI|Z(f) € F}, which is an ideal of C°°(R"). Moreover, F is a proper filter if, and only
if, Fisa proper ideal. (see Proposition 4.10 of [5]).

LetI C COO(R") be any ideal. Then we have, by definition, T= {A CR"|(Fh € )(A = Z(h))},and
thereforeI ={g e C®R"|3h € D(Z(g) = Z(h))}.

Let F be a proper filter on the set of all closed subsets of R”. Since every closed subset B € R" is a
zero set of some smooth function, we have:

o~

={ACR"(3ge FA=2)} ={A CR"|3g € F)(Z({) € XA =Z())} =F

As a consequence of the discussion above, we have:
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Proposition 4.6 (Proposition 4.12 of [5]). Let I € C°°(R") be an ideal. Then)f ={g e C*®°RM|(3h €
D)(Z(g) = Z(h)} = V1. In particular, the C*®-radical of an ideal I of the free C*°-ring on finitely many
generators, C*°(R"), is again an ideal.

As a consequence, we have the following:
Corollary 4.7. Let A = C®°(R") be a finitely generated free C*°-ring. I C C*°(R") is a C*°-radical ideal,
that is, /T = 1, if, and only if
(Vg € CP*R")((g € D < (f € DEZ(f) = Z(®)).

The following result gives us another characterization of “being C*°-radical” as a consequence of a
comment made by Moerdijk and Reyes in the p. 330 of [18]:

Corollary 4.8. Let C*°(R") be the free C*°-ring and let I € C*°(R") be a finitely generated ideal, that is,
I'={(g1,...,8k), for someg,...,gk € C*°(R"). I is a C*-radical ideal if, and only if:

Vx e Z(g,...,g))([f(x) =0) = (f € )

Proof. Suppose I = %/Iand let f € C*°(R") be such that it (Vx € Z(gl,...,gk))(f(x) = 0). We have
g=gl+ - +g €IsuchthatZ(g) € Z(f),s0 Z(f) € T (since T is a filter) and by Proposition 4.6,

fel=¥=1
Now, suppose (Vx € Z(g1,...,8))(f(x) =0) — (f € I). Given h € kA =)i we have Z(h) e?, SO

there exists some g € I such that Z(h) = Z(g), thus (Vx € Z(g1, .. .,gk))(h(x) = 0). By hypothesis, this
means thath € I, so ¥/I C I.Since I € ¥/T always holds, it follows that I is a C*°-radical ideal. O]

By Proposition 4.5 of [19], it follows that any finitely generated C*°-radical ideal I of C*°(R") is such
that:
(Vx e ZD)(f Ixe I [x—> f €D,

where Z(I) := e Z(f). This (important) condition an ideal of a C*°-ring may satisfy is called “point-
determinacy”
Asa consequence, we have a particular version of the weak Nullstellensatz to finitely generated ideals:

Proposition4.9. For any finitely generated C*-radical ideal I of C*° (R"), wehavel € I <— Z(I) =
Proof. See p. 45 of [19]. O

Let § be the set of all the filters on the closed parts of R” and J be the set of all the ideals of C*°(R").
X
We have,jo far, established that for every ideal I € C*°(R") we have /T =T and for every filter ¥ € §
we have F.

Next we show that the following diagram:

g/_\/\j
o SO

where A(I) =Tand V(F) = F, is a Galois connection with A - V.

Proposition 4.10 (Proposition 4.17 of [5]). The adjunction A = V is a covariant Galois connection
between the posets (§, C) and (J, ), i.e.,
(a)Given F1, F» € § such that F1 C F; then F1 C F;
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(b)Given I, I, € Jsuch that; C I, thenll\l g\ll\z, 5
(c) For every F € § and everyl € J, wehavel C F < I C F.

Proposition 4.11 (Proposition 4.18 of [5]). Let A = C*°(R") for some n € N. The Galois connection

A bV establishes a bijective correspondence between:

(a) proper filters of (§, C) and proper ideals of (J, C);

(b) maximal filters of (§, S) and maximal ideals of (J, C);

(c) prime filters of (§, C) and prime ideals of (J, ).

(d) filters on the closed parts of R", §, and the set of all C*°-radical ideals of C*°(R"), 3% = {I C
C¥®RM| VI=1}.

By Proposition 4.11, whenever p is a prime ideal of C*°(R"), the filter associated with p, p, is a prime
filter. Again by Proposition 4.11, it follows that P= %/p is a prime ideal. Thus, whenever p is a prime
ideal of C*°(R"), %/p is also a prime ideal.

A consequence of Proposition 4.11 combined with Proposition 4.6 is that given the C*°-ring C*°(R"),
the operator Vo A = %/~ : J — 7T is a closure operator (that is, it is idempotent, inflationary and
increasing). In virtue of these remarks, we have the following:

Theorem 4.12 (Theorem 4.21 of [5]). Let I,1;,I, € C*(R") be ideals. Then:
(a) ¥Tis an ideal of C*°(R™) and I < VI;
b L<ShL= YL < VYh

© V=1

The following definition will be helpful to prove that whenever I is an ideal of any C*°-ring A, then
VTis also an ideal.

Definition 4.13. Let A be a C*°-ring. We say that A is admissible if for every ideal I € A, ¥/Tis an ideal
in A.

We claim that every C*°-ring is admissible. We reason as follows: first, given two C*°-rings, A and A’
such that A = A’, if A is admissible then so is A’. Then we use Proposition 3.27 to check that whenever
a C*°-ring, A, is admissible and J is one of its ideals, A/] is admissible. Finally, given a filtered diagram

hij

of admissible C®-rings, {A; — Aj}, we prove that li_n)lAi is an admissible C*°-ring.
Summing all these results up yields:

Theorem 4.14. Given any C*®-ring A, whenever I is an ideal of A, ¥/T is also an ideal of A.

Now we present some properties of taking the C°°-radical of an ideal of an arbitrary C*°-ring.

Proposition 4.15. Let A be a C*-ring, I,] C A any of its ideals. Then:
i) 1€]= V1< V]
(i) 1c V1

Proof. Ad (i): Given a € %1, there is b € I such that n,(b) € (A{a—'})*. Since I C J, the same bisa
witness of the fact that a € /7, for b € J and n,(b) € (A{a~'}). Ad (ii): We prove its contrapositive:
A\ VI C A\I Givena € A\ ¥/I,wehavethat (Vb € I)(4(b) ¢ (A{a"'})*),s0 na[IINA{a" 1) = @.
Since n4(a) € (A{a~'})*, it follows that n,(a) ¢ na[I],soa ¢ I. O

Proposition 4.16. Given any C*°-ring Band ] C B any of its ideals, we have 3/{0g/;} = ¥/]/J.
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Proof. Wehavea € ¥/] <= (3b<c])(n(b) € (Bla='})*), so
a+J=ae /0p;) < 3be{0py)@® e (B/Nia+DH))
= B/Nia+DH =0} =
v

= ae Y] < a+]Je -
Now, since ] € ¥/J,ifa’ +J =a+J,thenae ¥J < da e J. O
As an immediate consequence, we have the following:

Corollary 4.17. Let A be a C*°-ring. We have:
(a) Anideal ] C A is a C*°-radical ideal if, and only if, (A/]) is a C*°-reduced C*°-ring
(b) A proper prime ideal p C A is C*-radical if, and only if, (A/p) is a C*°-reduced C*°-domain.

Proposition 4.18 (Proposition 4.33 of [5]). Let A’,B be two C®-rings and j : A’ — B bea
monomorphism. If B' is C*°-reduced, then A’ is also C*°-reduced.

In ordinary Commutative Algebra, we say a commutative unital ring, R is reduced if, and only if,
4/(0) = (0). Within the Commutative Algebra of C*°-rings, we say that a C°°-ring, A is C*°-reduced if,
and only if %/(0) = (0).

As a consequence of Propositions 4.18 and 3.26, we have the following:
Corollary 4.19. Every C*°-subring of a C*°-field is a C*°-reduced C*°-domain.

Proposition 4.20 (Proposition 4.37 of [5]). Let (I, <) be a directed set and suppose that {A;}ic1 is a directed
family of C*°-reduced C*°-rings. Then

B =lim A,'
H
iel

is a C*°-reduced C*°-ring.

Theorem 4.21 (Theorem 4.38 of [5]). Let A and B be two C*°-rings, ] € B a C*°-radical ideal in B and
f: A — Bany C®-homomorphism. Then f[J] is a C*°-radical ideal in A.

We register that, in general, holds:

Proposition 4.22 (Proposition 4.39 of [5]). Let A, B be C*°-rings, f : A — B a C*°-homomorphism and

] € Bany ideal. Then:
I <1V

Remark 4.23. With exactly the same method used in the proof of Theorem 4.14, one proves that
whenever p C A is a prime ideal of an arbitrary C*°-ring, A, </p is also a prime ideal.

At this point it is natural to look for a C*°-analog of the Zariski spectrum of a commutative unital
ring. With this motivation, we give the following:

Definition 4.24 (C*°-spectrum). For a C*°-ring A, we define Spec®™ (A) = {p € Spec (A)|pisC>* —
radical}, equipped with the smooth Zariski topology generated by the basic open sets D*(a) = {p €
Spec™ (A)la ¢ p}.
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A detailed study of the smooth Zariski spectrum is made in Section 5.1 of [5].
Now we present some properties of C*-radical ideals of an arbitrary C*°-ring A.

Proposition 4.25 (Proposition 4.42 of [5]). Given a C*-ring, A, let J3° denote the set of all its C*°-radical
ideals. The following results hold:
(a) Suppose that Va € A)(Iy € I). Then (yep o € I, that is, if Yo € A)(Iy € IY), then:

ooﬂl zﬂlazﬂ o\./l_ol
VQGA acA aeA

(b) Let {Iy|o € X} an upward directed family of elements of 35°. Then | Jyex I € I
From the above result, it follows that J%° is a complete Heyting algebra.

Lemma 4.26 (Lemma 1.12 of [18]). Let A be a C*®°-ring and S C A any multiplicative subset. Consider
the following posets:

(Spec™(A{S™1}), ©)
and
({p € Spec™(A)lp NS = @}, <)
The following poset maps:
Can: (Spec®(A(ST1)),S) — ({p € Spec®(A)p NS = &}, C)
Q — Cang[Q]

and
Cang, : ({p € Spec™®(A)pNS=2},C) — (Spec™(A{S~'}), )
P — (Cang[P])
are poset isomorphisms, each one inverse of the other.
Proposition 4.27. Let A be a C*-ring. For every p € Spec™(A) let p denote the maximal ideal of A(py =
A{A\ p~1} and consider:
Canp : A — Aygp).
We have the following equalities: Cang [p] = p and Canp[p] = p.

Proof. Taking S = A \ p, since p is a maximal ideal, it is the largest element of Spec™ (A{(A \ p)~1}).
Hence Cang[ﬁ] is the largest element of {p’ € Spec®(A)|p’ N (A \ p) = &}. Thus, by Lemma 4.26,

Can,/[p] = p. O
Proposition 4.28. If D is a reduced C*°-domain, then D{a~'} = {0} implies a = 0.

Proposition 4.29 (Proposition 4.47 of [5]). Any free C°°-ring is a reduced C*°-ring.

Proposition 4.30. Let {A;}ics be a directed family of C*°-rings, so we have the diagram:

—>iel

A Aj

o ij
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and let (p;)icr be a compatible family of prime C*°-radical ideals, that is:
(Pidier € 1{1r_nSpec°°(A,~),

iel

Under those circumstances,

l;i)npi = | Jilps]

iel iel
is a C*°-radical prime ideal Ofli—r>niel A
Proof. It suffices to prove that
lirg, ., At
lim, ; pi

is a C*°-reduced domain.

It is a fact that colimits commute with quotients, so:

lim. _A; ,
—iel !~y Aj
i R
llmidp, o bi

A;
Now, since every p; is a C>°-radical prime ideal of A;, we have, for every i € I, that — is a C*°-reduced
i
C*°-domain.

lim, Al‘
The colimit of C*°-reduced C>-domains is again a C*°-reduced C*°-domain, so —<L— is a domain
lim, _p;
—>iel
and:
li_f)n pi
i€l
is a C*°-radical prime ideal of lim_ A;. O
—> i€l

5. Separation theorems for smooth commutative algebra
From the notions and results previously established, we are ready to state and prove the main result of

this work:

Theorem 5.1 (Separation Theorems). Let A be a C*-ring, S C A be a subset of A and I be an ideal of A.
Denote by (S) the multiplicative submonoid of A generated by S. We have:
(a) If1 is a C*°-radical ideal, then:

INES) =0 & INS* =g
(b) If S C A is a C*°-saturated subset, then:
INS=0 < ¥INS=o

(c) Ifp € Spec™ (A) then A\ p = (A \ p)>°—s&
(d) If S € A is a C*°-saturated subset, then:

INS=92 < (Ip € Spec™ (A))(I C P&((pNS=2)).
(e) VI={{p e Spec™ (A)|I C p}
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Proof. Ad (a): Since (S) € §°7%%, it is clear that (ii) — (i). We show that (i) — (ii) by contraposition.
Suppose there exists some b € I N S5, 50 ng(b) € (B{S™'})*. We have:

BIST'} =y lim BST}, lim B{HS’A},

S/gﬁns §'ChinS
so (¢ o ¥)(ns(b)) € li_l’I)ls/cﬁ SB{]_[ §'~'} implies that there is some finite ' C S such that

ns(b) € B{S" 1} = B{]] "1} Leta = [187, s0 a € (S). We have that n,(b) € B{s" ™1 implies
na(b) € (B{a~1})*, and by hypothesis, b € Isoa € %I =1.Hencea € 1N (S) # &, and the result is
proved.

Ad (b): Given b € ¥/I N S, there must be some x € I such that n,(x) € A{b~'}*, so
x € {b}°7s C §07% — § Thusx € INSand I NS = &. The other way round is immediate
since I C O«cﬁ

Ad (c): Since A \ p = (A \ p), by item (a) wehave pN (A\p) = T < pN A\ P> =g, so
(A\ p)>®7%t C A\ p. The other inclusion always holds, so A \ p = (A \ p)>°~*

Ad (d): Consider the set I's := {J € JA)|I <€ H&(S N ] = @)}, ordered by inclusion. It is
straightforward to check that (I's, ©) satisfies the hypotheses of Zorn’s Lemma. Let M be a maximal
member of I's. We show that M € Spec™ (A).

Note that M is a proper prime ideal of A, since 1 € Sand SN M = @.

The proof that M is prime is made by contradiction. If a,a’ ¢ M, then by maximality there are
a,0’ € Aand m,m’ € Msuchthatm +«-a € Sandm' + o’ - d’ € S. Since C*-saturated sets are
submonoids, it follows that (m +« - a) - (m’ + o’ - a’) € S. Thus,

m-m'+m-o -d+m-a-a)+a-a) (a-d)eSs

eM

Ifa-a € M,weget M NS # &, a contradiction. Thus, a,a’ ¢ M, and M is a prime ideal.

We claim that M = /M. In fact, since M N S = & and S is C*°-saturated, by item (b) it follows that
YMNS=a,s0 YM € Ts.Since M € /M, /M € I's and M is a maximal element of I's, it follows
that M = /M. Thus, M € Spec™ (A).

Ad (e): Clearly, VIC ({p € Spec™ (A)|I C p}, so we need only to prove the reverse inclusion. Let

A A
a¢ V1,508, ={1,a,a%..)N VYT = @. Since 7{(a+1)_1} = 7{(ak + 1)~} for any k € N such

that k > 1 and since ¥/T is a C®-radical ideal, by item (a), we have (S,)>® %' N Y1 = @, and by item
(d), there is some p € Spec®™ (A) such thatp D /1 2 Isuch thata ¢ p. O

Proposition 5.2. Let A be a C*°-ring and let {a; : i € I} C A. Denote I := ({a; : i € I}). Then the
following are equivalent:

(a) Spec™®(A) = ;e D (a))

(bA=1

Proof. (b) = (a): Since there exists {ij, ..., iy} € Zsuchthatly = Z?:l Aj.aj; for some A1,...,A, € A,
then there is no p € Spec®(A) such that {a;,,...,a;,} S p,ie, Spec*(A) C (J;cz D*(a).

(a) = (b): Suppose that A # I. Then A* NI = @. Since A* C A is a C*°-saturated subset of A
A* = nfl [(A{171})*]), then by the Separation Theorem 5.1.(b), it follows that AX N V1 = o.

By the Separation Theorem 5.1.(d), there is p € Spec® (A) such that YJ1c p, thus p € Spec™(A) \
Uiz D™(@). O
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6. Order theory of C*°-rings

The class of C*°-rings carries good notions of order theory for rings. As pointed out by Moerdijk and
Reyes in [18], every C°°-ring A has a canonical (strict) preorder - this and other aspects of the order
theory of C*°-rings are developed in [7]. The key point of this section is to introduce the notion of the
smooth real spectrum of a C*°-rings (made in [2], denoted by Sper®) and to describe, as a consequence
of the separation theorems presented in the previous section, a spectral bijection from the smooth Zariski
spectrum to the real smooth spectrum of a C*°-ring: comparing this smooth algebraic scenario with the
usual commutative algebraic setting, this is a surprising result. We begin by describing the notion of
“order”:

Definition 6.1. Given a C*-ring (A, ®), we write:
(YacA)(Vbe A)a<b < (Ace A)(b—a=c))

Note that if A # {0}, < is an irreflexive relation, i.e., (Va € A)(—(a < a)).
According to [17], we have the following facts about the order < defined above.

00 RE
Fact6.2. Let A = CRD)

<, given in Definition 6.1, we have:

f=<g &= @G eD((Vx € Z(p))(f(x) < g(x)))

so < is compatible with the ring structure which underlies A, i.e.:
(i 0+I<f+Lg+I=0=<(+D-(g+D;
(i) O+ <f+Lg+I=0<f+g+]I

for some set E. Then, given any f + I,g + 1 € A, with respect to the relation

C*(RF) o0 . Lo
Fact 6.3. Let A = i for some set E be a C®-field, so I = /1. The relation <, given in

Definition 6.1, is such that:

Vf+ITeA)f+I#£0+1— (fF+I<0+DVO+I<f+1I)

We have the following:
Proposition 6.4 (Corollary 3.15 of [7]). For any C*°-ring A, we have:
1+ ) A*CAX,

where Y A* = (Y1 a?|ln € N,a; € A}. In particular, every C™ ring A is such that its underlying
commutative unital ring, U(A) is a semi-real ring.

Fact 6.5. Let n € N. We have:

h+1e (C ER )> — Qg € D(Vx € Z(¢))(h(x) # 0)

Recall that a totally ordered field (F, <) is real closed if it satisfies:
(@) (Vx € F)(0 < x — Ay € F)(x = y?));
(b) every polynomial of odd degree has, at least, one root;

Remark 6.6. A C°°-polynomial in one variable is an element of C*(R"){t} = A ®c C*(R) (cf.
Section 4.3 of [4]). More generally, a C*°-polynomial in set S of variables is an element of A{S}.
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As pointed out in Theorem 2.10 of [17], we have the following:

Fact 6.7. Every C*°-field, F, together with its canonical preorder < given in Definition 6.1, is such that
U(F) is a real closed field.

As a consequence of the above fact, given any polynomial p(x) € F[x] and any f,g € F such that
f < & if p(f) < p(g) then there is some h €]f, g[ such that p(h) = 0.

We have the C°°-analog of the notion of “real closedness”:

Definition 6.8. Let (F, <) be a C°°-field. We say that (F, <) is C*°-real closed if, and only if:
(Vf € FxD((f(0) - f(1) < 0)&(1 € ({f,f"})) S Flx}) = (F €]0,1[S F)(f(a) = 0))

Fact 6.9. As proved in Theorem 2.10 of [17], every C*°-field is C°°-real closed.

From the preceding proposition, we conclude that f + I < g + I occurs if, and only if, there is a
“witness” ¢ € I such that (Vx € Z(¢))(f(x) < g(x)).
Given any C*°-ring A and any p € Spec™ (A), let:

A\ [A -1
kp == (E){;\{Oﬂ} }

A
that is, kp (A) is the C*°-field obtained by taking the quotient ;:
A A
qp 1A —> —
P p

A
and then taking its C*°-ring of fractions with respect to v \ {0+ p},

4, (A) {A \{0+p}_1}
n P — — 31— .
%\{om ERVYAT

The family of C*°-fields {k, (A)|p € Spec®™ (A)} has the following multi-universal property:

“Given any C*°-homomorphism f : A — K, where K is a C*>-field, there is a unique C*°-radical
prime ideal p and a unique C*°-homomorphism f : ky(A) — K such that the following diagram
commutes:

Xp
A——"—"—ky4),

f -
f
\
K

where ap =1 4 ogp: A — kp(A)
g\{0+13}

- A
Thus, given f : A — K, take p = ker(f), so f is injective, v is a C*°-reduced C*°-ring. By the

universal property of the smooth fraction field k, (A), there is a unique arrow]Nf : kp(A) — K such that
the following diagram commutes:

$>kp(A)

P |

\f
\
K
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Definition 6.10. Let F be the (proper) class of all the C°*°-homomorphisms of A to some C*°-field. We
define the following relation R: given h; : A — Fy and hy : A — F,, we say that h; is related with
h, if, and only if, there is some C®-field F and some C*°-fields homomorphisms C*® f; : F; — F and
f2 : F; — F such that the following diagram commutes:

1
/ \
A F
X /
F,
The relation R defined above is symmetric and reflexive.
Leth; :A— Fiandhy: A - B be two C*°- homomorphlsms of A to the C*°-fields Fy, F, such that

(h1,hy) € R,andletf; : F; — F and f, : F» — F be two C®°-homomorphisms to the C*°-field F such
that f; o hy = f2 o hy, so:

(fr o b)) '[{0}] = (f2 0 1) "[{O}]
Then
ker(h) = hy'[{0}] = hy'[f; [{ON]] = K1, [{O}]] = h;T{0}] = ker(hy).
The above considerations prove the following:

Proposition 6.11. Ifh; : A — Fy and hy : A — F, be two C*°-homomorphisms from the C*°-ring A to
the C*°-fields F1, F, such that (hi, h2) € R, then ker(h;) = ker(hy).

The above proposition has the following immediate consequence:

Corollary 6.12. Keeping the same notations of the above result, let R' be the transitive closure of R. Then

R! is an equivalence relation on . We are going to denote the quotient set o by F.

Let FI,FZ,F be C®-fields and f; : F; — F and L B — F be two following C*°-fields
homomorphisms. Since C*°-fields homomorphisms must be injective maps, we have the following:

Proposition 6.13. The following relation
B = {([h: A — Fl,ker(h))|FisaC*™ — field} € F x Spec™®(A)
is a functional relation whose domain is F.

Proof. Suppose [h: A — F1] = [g: A — F], so there are maps f1 : F1 — F andfr : F» — F for some
C*-field F, such that the following diagram commutes:
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Now, if ((h : A — Fil,ker(h)),([g: A — Fyl,ker(g)) € Baresuchthat[h: A — Fi]=[g: A —
F,], then:

fioh=fr0g
)
ker(h) = h[{0}] = h[f; [{0}]] = ker(f; o h) = ker(f 0 @) = g '[f, [{0}]] = g"'[{0}] = ker(g)
O
Definition 6.14. Let A be a C*°-ring. A C*°-ordering in A is a subset P C A such that:
(O1) P+ P C P
(O2) P-PCP;
(03) PU(—P) = A
(04) PN (—P) = p € Spec™ (A)
Definition 6.15. Let A be a C*°-ring. Given a C°°-ordering P in A, the C*°-support of A is given by:
supp™(P) := PN (—P)

Definition 6.16. Let A be a C*°-ring. The C°°-real spectrum of A is given by:
Sper™ (A) = {P C A|Pis an ordering of the elements of A}
together with the (spectral) topology generated by the sets:
H®®(a) = {P € Sper™ (A)|a € P\ supp™ (P)}
for every a € A. The topology generated by these sets will be called “smooth Harrison topology,” and
will be denoted by Har®.
Proposition 6.17. Given a C*°-ring A, we have a function given by:

supp™ :  (Sper®™(A),Har*™®) — (Spec®™ (A),Zar™)
P > PN (—P)

which is spectral, and thus continuous, since given any a € A, supp‘xﬁ[Doo (a)] = H*®(a) U H*®(—a).

Proof. Given P € Sper®™(A), since PU —P = A, we have P € H*(a) U H®(—a) if, and only ifa €

(P\ (PN—=P))U(—P\ (PN —P)) if,and onlyifa € A\ supp® (P) if, and only if supp™(P) € D*(a). O
Unlike what happens to a general commutative unital ring R, for which the mapping:

supp: Sper(R) —  Spec(R)
p — PN (=P)

is seldom surjective or injective, within the category of C*°-rings, supp® is, as a matter of fact, a bijection.
In order to prove this fact, we are going to need some preliminary results, given below.

Lemma 6.18. Let A be a C*-ring and p any C*®-radical prime ideal, and let p be the maximal ideal of
Atpy. Then:

Can,[p] = p.

Proof. Leta € p,then Cany(a) € p,andp C Can;[ﬁ].Now, ifa € A\p then Canp(a) € U(A{(A\p)~'}).

Since A(p) is a local ring, Agpy = p U UA{(A \ p)~1}), so Canp(a) € A{(A\ p)~'}\ p, and therefore
Cany[p] S p. m
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Theorem 6.19. Let A be a C*®-ring and R' be the relation defined above. The function:

o' : Sper® (4A) — %
p = [npnp)]
is the inverse function of:
B : Z: —  Sper™ (A)
[h:A— K] — KK

Proof. Note that:
@ o B)([h:A— Fl) =o' (h"[F1) = Dgupp i b
where supp® (h[F?]) = h™[F*] N (=h7[F1?) = h7[{0}] = ker(h).

Thus we have:

(Ol/ © ,3/)([]’1 A — F)) = [nker(h) A —> kker(h)(A)]-
We claim that 8’ is the left inverse function for o/, that is:
(VP € Sper®™(A))((B' o a')(P) = P).

Thus, it will follow that o’ is injective and B’ is surjective.
We have B'(¢/(P)) = n;ppoo ® [kp (A)?], so we need to show that:

Nupp(py K (4)*] = P
Let p = supp™>(P).

Ab absurdo, suppose
Ny lkp(A)*1 € P

There must exist some x € A such that x € n;[kp (A)?] and x ¢ P. We have:

-1 2
np(x) € (%) and x ¢ P.

Now, since by Theorem 24, p. 97 of [5] (denoting my, by p instead) the following diagram commutes:

AfANPTY)

, P
/

A Yp Yp

\ ]
IR

whereny =14y o gp and n;, = gp o na\p and ¢y, and vy are the isomorphisms described in that
—\{0+p}

theorem. Thus, we have:

A{A\ P11\
np(@) € (kp()” = Yp(1p(x) = 1y (x) € (%)
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and
np () € (kp(A)’ = A +7P) € A{A%‘rl}m;(x) =& +P
Since g is surjective, given this g + P e ('LA;LI}), there is some 6 € A{A\ p~'} such that
() =g+
By Theorem 1.4, item (i) of [17], given this® € A{A \ p~!}, therearea € Aand b € A \ p*° 5, that
is,

Cany (b) € (A{A\ p~'H*

such that:
_ Cany (a)
~ Cany(b)
or equivalently, since (A \ p)>®° 7% = A\ p:
bgp (1)
Hence,
~ __( Cany (a) 2 Cany, (a) 2
7 (%) =g +P=q (Cani(b)) = (Canz(b)) +p

7, (x) - (Cang (b) +p) = Canj(a) +p
Canp (x - b? —a®) ep.
(x-v*—a? e Can;fﬂ.
By Lemma 6.18,p = Can;[ﬂ, o)
x-b*—a’e pCP

Lety = x - b*> + (—a®) € p C P. Note that since x ¢ P, x € (—P) \ p and

x-b* € (—P) )
Sincey € P,
eP
—_—
x-b*= y + a* eP,
——
eP
x-b>eP (3)

By (2) and (3), it follows that x- b*> € PN (—P) = p. Since p is prime, either x € p or b* € p. However,
since x ¢ P, a fortiori, x ¢ p, so we must have b? € p. Once again, since p is prime, it follows that b € p
which contradicts (1). Hence,

A{A % (p)~11\?
—— [( 14\ supp™(P) })]gP

p

Now we claim that:

o [ (AA N supp® (P
P S Nouppip) |:< 7 ) :|
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Conversely, suppose, ab absurdo that

AfA Py~ ?
P Mgy [( e ) } @)
so there must exist some x € P such that
A{A\p~!
VEg+Pp) e %)(n;(x) ¢ +P) (5)

Equivalently, there must exist some (h + p) € M%’ﬂ such that 7y, (x) = —h* +7.

~ A{A\p!
Thus, since gj is surjective, given suchan h +p € w there must be some ¢ € A{A\ p~!}

such that g5(¢) = h +P. By item (i) of Theorem 3.18, there are ¢ € A and d € A with:
Cany(d) € A{A\ p~1},
equivalently
de (A\p)>—,
and since (A \ p)®° 7% = A\ p,

d¢p (6)
such that:
Cany(c)
Canp (d)
Hence,
2
-

Canf, (c) + Canp (x) - Canf, dep
Canp(c2 +x-d)ep
)
eP

2 2
\c/_/+x-d =z=Can;rﬁ|=p§(—P)
epP
x-d>=z—-c e (=P)

Since x € P, we also have x - d> € P, hence x - d* € p . Since p is prime, either x € p or d*> € p. Now, if
x € p then Cany(x) = 02 + p, which contradicts our hypothesis (5). On the other hand, if d* € p, then
d € p, and this contradicts (6). Hence x ¢ p and d> ¢ p, so x - d> ¢ p. Thus we achieved an absurdity:
(x - d*> € p)&(x - d* ¢ p). It follows that our premise (4) must be false, so:

A{A % (p)~11\2
P C 0ip) [( (AL supp™(P) })}

p
_ 4| (AlA\supp™(P)~1}) 2
Hence P = néupp(P) [(——p ) i|

Now we need only to show that &’ o 8" = id z.
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Let[h: A — F] e F. We have:
(@ op)[h:A— F]) = o (W[F?]) = [(Meuppoe ez © A = ksuppm(w[Fz])(A)].
It suffices to show that [h] = [Msuppoe nifr2))1- Note that supp™ (hW[F?]) = h[F2 N (=F?)] = ker(h).

By the universal property of the C°°-field of fractions of (ﬁ), kyer(ny (A), since h [AX] C FX

(for C*°-homomorphisms preserve invertible elements), there is a unique C*°-homomorphism h
kier(ny (A) — F such that the following diagram commutes:

n
A ke (A)
\ \LN
h
F

We have, then, the following commutative diagram:

F
A _w“yF

Kier(n)
solh:A— F]= [Mkern) : A — kker(h)] and
@ oBYh:A—F)=[h:A— F].

Hence it follows that o’ and B’ are inverse bijections of each other. O

Theorem 6.20. The map:

a: Spec®(A) — F
p = [np] = [q o Cany]
is a bijection whose inverse is given by:
B: F —  Spec™ (A)
[h:A—> F] — ker(h)

Proof. First we are going to show that o o B = id %, so B is an injective map and « is its left inverse,
hence it is surjective.

Let[h:A — Fl e F. We have:
(@oB)([h: A — F]) = aker(h)) = [mler(h) A (A{A \ ker(h)—l}/@)]
It suffices to show that [h: A — F] = [”Ler(h) A — (A{A \ ker(h)_l}/@)].

Since (A{A \ ker(h)~'}/ @) is (up to C*°-isomorphism) the C*°-field of fractions of (A /ker(h)),
kyer(ny (A), there is a unique C°°-homomorphism h (A{A \ ker(h)™!} /@) — F such that the

following diagram commutes:
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A{A\ker(h)~ 1}
Ker(h)

Tsuppoe (h711F21) x

A o
h " s

F

and the equality holds, i.e.,

[h:A— F]= [nker(h) A (A{A \ ker(h)~") /ker(h))]
It follows that o o B = id3, « is a surjective map and B is an injective map.
On the other hand, given p € Spec®(A), we have:

(Boa)(P) = B(Iny : A— kp]) = ker(np) = Can,/[p] = p

SO:

(B o) = idgpec (4

as a Corollary of the theorems 6.19 and 6.20, we have:

Lemma 6.21. Let A be a C*°-ring, and define:
supp>®: Sper®(A) — Spec™ (A)

p > PN (=P)
The following diagram commutes:

Sper™ (A)

B

a/
j.: supp™®
a

B

Spec™ (A)

that is to say that:
a o supp™ = o’
and
supp™ o f' = B
Proof. Note that if we prove that « o supp™ = o/, then composing both sides with 8’ yields:
(@osupp®)op =a'op =idz
s0

oo (supp™ o ) =idz
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and by the uniqueness of the inverse of «, it follows that:

supp™ o f' = B.

Now we are going to prove that « o supp™ = «'.

Given P € Sper®™ (A) we have:

(ao SUPPOO)(P) = Ol(SuPPOO (P)) = [7]suppoo P) : A— ksupp°° (P) (A)] = Ol/(P),
so the result holds. O

About the map P — P N (—P), from the real spectrum of a ring to the prime one, in p. 84 of [16],
M. Marshall points out that “This is neither surjective nor injective in general” As an important result
of the theory of C°°-rings which distinguishes it from the theory of the rings, we have the following:

Theorem 6.22. Let A be a C*°-ring. The following map:

supp>®: Sper®(A) — Spec™ (A)
p > PN (=P)

is a spectral bijection.

Proof. In Remark 6.17, we have already seen that supp™ is a spectral function, so we need only to show
that is a bijection.

Just note that supp™ = B oo’ = « o f/, and since supp™ is a composition of bijections, it is a
bijection. O
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