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MODELOS PARA SERIES TEMPOTAIS

1. Processos estocasticos

Definicdo 1. Seja T um conjunto arbitrario. Um processo
estocastico € uma familia X = {X;, t € T}, tal que, para cada t

€ T, Xté uma variavel aleatéria.

Um processo estocastico € uma familia de variaveis
aleatérias definidas num mesmo espacgo de probabilidade (Q,
A, P).

Parat € T, Xt € uma v.a. definida sobre Q, na realidade X: é

uma funcéo de dois argumentos, X(t,w), t€ T, w € Q.

Para cada t fixo, X(t, w) € uma v.a. com uma distribuicdo de
probabilidade. E possivel que a funcdo de densidade de
probabilidade (fdp) no instante t1 seja diferente da fdp no
instante t2, mas a situacao usual € aquela que a fdp de X(t, w)

é mesma, para todos os t.
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P9 1. = Um processo estockstico interpretado como
uma familia de varidvels aleatdrias.

Para cada w fixo, uma funcédo de t, ou seja, uma realizacao

ou trajetéria do processo, uma série temporal.

Z(y, wi

Fig. 2~ Um processo estocdstico interpretado
como uma famills de trajetorias,



2. Especificacdo de um processo estocastico

Fy(z) = P{z, < 2}
or the corresponding marginal density functions

fi(x) .

when they exist, are often informative for examining the marginal behavior
of a series.? Another informative marginal descriptive measure is the mean
function.

Definition 1.1 The mean function is defined as

prt = Elxy) = fﬂu xfi(x) dz, (1.9)

provided it erists, where F denotes the usual erxpected value operator. When
no confusion erists about which time series we are referring to, we will drop
a subscript and write p,,; as .

A funcédo meédia:
u(t) = E(Xy)

A funcédo de autocovariancia (facv) de X é:

Y(t1, t2) = E{ Xu Xz} — E{ Xu}E{ Xt2}
seti=1t2=t,

y(t, t) = var{ Xi} = E{ X} — E?{ X3}
A funcédo de auto-correlacéo (fac) de X é:

p(t1,t2) = y(ta, t)/( y(ts, to) y(ta, t2))+?
A funcdo de covariancia cruzada entre X e Y é:

Vxy(t1, t2) = E{XuYw} — E{Xu}E{Yw}



A funcéo de correlacéo cruzada entre X e Y é:

Pxy(t,t2) = yxy(te, ©2)/( yx(t, to) yy(tz, t2))*2

Again, we have the result —1 < p,.,(h) < 1 which enables comparison with
the extreme values —1 and 1 when looking at the relation between z;,p and
;. The cross-correlation function is not generally symmetric about zero [i.e.,
typically pay(h) # pzy(—h)]; however, it is the case that

pry(h) = pys(—h). (1.28)

* If x, is Gaussian with mean p; and variance o;, abbreviated as x; ~ N(u,, 7)),

the marginal density 15 given by fi(z) = 12 EXp {—2—;9-[1' - ;.1:}2}_
T t

i

Example 1.13 Mean Function of a Moving Average Series
It w; denotes a white noise series, then p,; = E(w;) = 0 for all t. The top
series in Figure 1.8 reflects this, as the series clearly fluctuates around a
mean value of zero. Smoothing the series as in Example 1.9 does not change
the mean because we can write

pot = E(w) = 3[E(wi1) + E(wy) + E(we )] = 0.

Example 1.14 Mean Function of a Random Walk with Drift
Consider the random walk with drift model given in (1.4),

i
m=0t+y w;, t=12....
=1

Because E{w;) =0 for all £, and 4 is a constant, we have

t
poe = E(ze) =8t + Y E(wj) = ot

=1

which 1s a straight line with slope 4. A realization of a random walk with
drift can be compared to its mean function in Figure 1.10.



Example 1.15 Mean Function of Signal Plus Noise
A great many practical applications depend on assuming the observed data
have been generated by a fixed signal waveform superimposed on a zero-
mean noise process, leading to an additive signal model of the form (1.5). It
is clear, because the signal in {1.5) 15 a fixed function of time, we will have

ey = E(x¢) = E[2cos(2mt /50 + .6) 4 wy]
= 2cos(2mt /50 + .67) + E(w;)
= 2cos(2wt/50 + 67),

and the mean function is just the cosine wave.

3. Processos estacionarios

Séries estacionarias sdo aquelas que desenvolvem no tempo

ao redor de uma média constante.

Definicdo 2: Um processo estocastico X = {X;, t € T} diz-se
estritamente estacionario se todas as distribuicbes finito-
dimensionais permanecem as mesmas sob translagcdes no
tempo, ou seja,

F(X41, ..., Xn; t1+1, ..., ther) = F(Xq, ..., Xn; 11, ..., tn)

Definicdo 3: Um processo estocastico X = {X;, t € T} diz-se
fracamente estacionario ou estacionario de segunda ordem
se e somente se

a) E{X¢} = u(t) = y, constante;

b) E{X¢*} finita

C) y(t1, t2) = Cov{XuXt2} € uma funcéo de |t1 — t2|.



Definicdo 4: um processo estocastico X = {X;, t € T} diz-se
Gaussiano se, para qualquer conjunto ts, t2, ..., tnde T, as v.a.

X, ..., Xin tém distribuicdo normal n-variada.

Definicdo 5: As séries {X;, Yi t € T} sdo conjuntamente

estacionarias se a covariancia cruzada depende apenas de

Ity — t2], iStO €, yxy(t1, t2) = yxy(|tr — t2)).

4. Funcao de autocovariancia

Definicao 6: Uma funcéo real K é ndo negativa definida se e
somente se
Yi=1"y=1" ai aj K(1i-17) 2 0

para qualquer numeros reais ai, ..., an € T1, .., Tn€R.

Seja {X(t), t € T} um processo estacionario real discreto, de
média zero e facv yr = E{X()X(t+T1)}.
Proposicao 1: A facv yr satisfaz as seguintes propriedades:

a) Yo >0

b) yr=y-n

C) [vil < vo

d) y: € ndo negativa definida, no sentido que



Yi=1"Yj=1" ai qj yri1j= 0

para qualquer numeros reais ag, ..., an € T1, .., Tn€R.

Observacao: a reciproca da propriedade d) tambéem ¢é
verdadeira, isto €, dada uma funcao y-, tendo a propriedade

d), existe um processo estocastico X(t), tendo y: como facv.

Tipicamente, a facv de um processo estacionario tende a

zero, para |yi|—°.

Teorema: uma funcéo real definida sobre Z é a funcao de
auto-covariancia de um processo estacionario se e somente

se ela for ndo negativa definida e par.

Exemplos:

Autocovariance of White Noise
The white noise senes we has E{we) = 0 and

Yo (8, 1) = cov{wy, wy) { . . h (1.12)
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Fig. 1.8. Gaussian white noise series (top) and three-point moving average of the
Gaussian white noise series (bottom).



Autocovariance of a Moving Average
Consider applying a three-point moving average to the white noise series w,
of the previous example as in Example 1.9, In this case,

Yo(s,t) = cov(vs,vy) = cov {F (wee1 + Wae +Wasr), 3 (W1 +wi + wigr) }
When s = t we have®

Tu(t,t) = %Eﬂ‘f{(wfq +wi +wepr ), (w1 + we + we) }

= %[ccv[wi_l._wt_ﬂ + cov(wg, wi) + cov(we g, wep)]

__ 3,2
= Eg‘”-"

When s=¢+1,

Yolt + 1,t) = geov{(w + wep1 +wisa), (weo1 +wp + weyq)}

= fi[mv[wh wy) + cov(wyyr, Wi )]

— 2.2
- EG-'U."'

using (1.12). Similar computations give v, (t — 1,¢) = 205, /9, 7,(t + 2,t) =
Yot —2,t) = Jﬁ,jg, and () when |t — 5| = 2. We summarize the values for all
s and f as

%G’i s=t.
2 2 _
2g2  |s—t =1,
T (1.13)
30w |5—1t] =2,
0 |s—t>2.
a -
c._
w _
uw
8 57
oA
c. - - ', - - ',
= T T ] T T
-4 -2 0 2 4
Lag

Fig. 1.12. Autocovariance function of a three-point moving average.



Example 1.11 Random Walk with Drift

A maodel for analyzing trend such as seen in the global temperature data
Figure 1.2, 15 the random walk with drnft model given by

ry =& + Tp—1 + uy (1.3)
for ¢ = 1,2, ..., with mitial condition g = 0, and where wy 1= white nose.
The constant 4§ is called the dnft, and when & = 0, {1.3) 15 called simply a
random walk. The term random walk comes from the fact that, when § = 0,
the value of the time series at time ¢ s the value of the series at time £ — 1
plus & completely random movement determined by wy. Note that we may
rewrite (1.3) as a cumulative sum of white noise vanates. That is,

4
Te=dt+ Yy (1.4)
1=1

random walk
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Fig. 1.10. Random walk, 7, = 1, with drft § = .2 {upper jagged line), without
drift, § = 0 (lower jagged line), and a straight line with slope .2 {dashed line).



Mean Function of a Random Walk with Drift
Consider the random walk with drift model given in (1.4),

t
Te=0t+Yy wy, t=12....
j=1
Because E{w;) = 0 for all {, and 4 is a constant, we have

pre = E(z) = 0t + Y E(w;) = 8t

i=1

Autocovariance of a Random Walk

For the random walk model, xz;, = Zf;}=1 w;, we have

2

t
Yz(5,t) = cov(zs, x¢) = cov Z wj,z wy | = min{s,t} o>,
Jj=1 k=1

Example 1.12 Signal in Noise
Many realistic models for generating time senes assume an underlying signal
with some consmstent periodic variation, contaminated by adding & random
noise. For example, it 1s easy to detect the regular evele MR series dizsplayed
on the top of Figure 1.6. Consider the model

1y = 2ons(2xt /50 4+ 6Gmw) 4 wy (1.5)

for £ = 1,2,...,500, where the first term is regarded as the signal, shown in
the upper panel of Figure 1.11. We note that a sinusoidal waveform can be
written as

A cos(2mwt + @), (1.6)

where A is the amplitude, w is the frequency of oscillation, and ¢ 1= a phase
shift. In (1.5), 4 = 2, w = 1/50 (one cyvcle every 50 time points), and
@ = b,



2cosi(2ntf 50+ 0.6=)
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Fig. 1.11. Cosine wave with period 50 points (top panel) compared with the cosine
wave contaminated with additive white Gaussian noise, o, = 1 (middle panel) and
guw = 5 (bottom panel); see (1.5).

Example 1.15 Mean Function of Signal Plus Noise
A great many practical applications depend on assuming the ohserved data
have been generated by a fixed signal waveform superimposed on a zero-
mean noise process, leading to an additive signal model of the form (1.5). It
i5 clear, because the signal in (1.5) is a fixed function of time, we will have

pre = Elz) = E[Q cos(2mt /50 4 .6m) + wg]
= 2cos(2mt /50 + .6m) + E(w;)
= 2cos(2mt /50 + .67),

and the mean function is just the cosine wave.

Example 1.10 Autoregressions
Suppose we consider the white noise series w; of Example 1.8 as input and
calculate the output using the second-order equation

T =T — Do 4+ uy I:lﬂ}
successively for £ = 1,2,...,500. Equation (1.2) represents a regression or

prediction of the current value x; of a time series as a function of the past
two values of the series, and, hence, the term autoregression is suggested
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Fig. 1.9, Autoregressive serles generated from model (1.2).

Example 1.21 Joint Stationarity
Consider the two series, x; and y;, formed from the sum and difference of
two successive values of a white noise process, say,

Iy =Wy + Wy

and
Wy =Wy — Wy,

where w; are independent random variables with zero means and variance
o2 . It is easy to show that 7.(0) = 74(0) = 202 and 7.(1) = 7.(—1) =
a7y (1) = v (—1) = —a2,. Also,

2
Yryll) = cov(Tes1, ¥t ) = cov(wep + we, wy — Wiy ) = oy,

because only one term is nonzero (recall footnote 3 on page 20). Similarly,
Yey(0) = 0,7,y (—1) = —o],. We obtain, using (1.27),

0 h=0,

/2 h=1,
Prylh) = —llfQ h— 1

0 | =2

Clearly, the autocovariance and cross-covariance functions depend only on
the lag separation, h, so the series are jointly stationary.



Propriedades de funcao de auto-covariancia de um

processo estacionario:

The autocovariance function of a stationary process has several useful
properties (also, see Problem 1.25). First, the value at h = (), namely

v(0) = E[(zx: — n)?] (1.24)
i5 the variance of the time series; note that the Cauchy-Schwarz inequality
mplies

Iv(R)| < ~(0).

A final useful property, noted in the previous example, is that the autoco-
variance function of a stationary series is symmetric around the origin; that
s,

F(h) = v[=h) (1.25)

for all h. This property follows because shifting the series by h means that
Y(h) =y(t+h—1t)
= E[(xe4h — p)(xe — p)]
= El(z¢ — p)(Tesn — p)]
= y(t— (t+ h))

= v(—h),

5. Tipos de modelos

a) modelos paramétricos: a analise é feita no dominio do tempo;
- 0S modelos de regressao
- 0s modelos de auto-regressivos e de medias moveis(ARMA)
- 0Ss modelos auto-regressivo integrados e de médias
mpveis(ARIMA)
- modelos de memodria longa (ARFIMA)

- modelos estruturais e modelos nao lineares



b) modelos nédo parameétricos: a analise € feita no dominio de
frequéncia. A funcao de autocovariancia e sua transformada

de Fourier, o espectro.



