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MODEL OS PARA SERIES TEMPOTAIS

1. Processos estocasticos

Definicdo 1. Seja T um conjunto arbitrario. Um processo
estocastico € uma familia X = {X(t), t € T}, tal que, para cada t

€ T, X(t) € uma variavel aleatoria.

Um processo estocastico € uma familia de variaveis
aleatédrias definidas num mesmo espaco de probabilidade (Q,
A P).

Parat € T, X(t) € uma v.a. definida sobre Q, na realidade X(t)

€ uma funcado de dois argumentos, X(t,w),t€ T, w € Q.

Para cada t fixo, X(t, w) € uma v.a. com uma distribuicdo de
probabilidade. E possivel que a fungdo de densidade de
probabilidade (fdp) no instante t1 seja diferente da fdp no
instante t2, mas a situacado usual é aquela que a fdp de X(t,

W) € mesma, para todos os t.
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P9 1. = Um processs estockatico interpretado como
uma familla de varidvels aleatdriss,

Para cada w fixo, uma funcdo de t, ou seja, uma realizacao

ou trajetéria do processo, uma série temporal.
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Fig. 2 — Um processo estocéstico interpretado
como uma famills de trajetorias,



2. Especificacdo de um processo estocastico

A funcdo média:
u(t) = E(X(1))
A funcao de autocovariancia (facv) de X é:
v(t1, t2) = E{X(t1) X(t2)} — E{X(t1)}E{X(t2)}
setl =t2 =t,
V(t, 1) = var{X()} = E{X(1)} - E*{X(1)}
A funcéo de auto-correlacao (fac) de X é:
p(t1,12) = y(t1, t2)/( y(t1, t1) y(t2, t2))*2
A funcao de covariancia cruzada entre X e Y é:
Vx/(t1, t2) = E{X(t1) Y (t2)} — E{X(t1)}E{Y(t2)}
A funcéo de correlacao cruzada entre X e Y é:

pxy(t1 ,t2) = ny(tl, t2)/( Yx(tl, tl) Vy(tz, t2))1/2

3. Processos estacionarios

Séries estacionarias sdo aquelas que desenvolvem no tempo

ao redor de uma média constante.



Definicdo 2: Um processo estocastico X = {X(t), t € T} diz-se
estritamente estacionario se todas as distribuicbes finito-
dimensionais permanecem as mesmas sob translacdes no
tempo, ou seja,

F(X1, ..., Xn; t1+T, ..., tn+1) = F(X1, ..., Xn; t1, ..., tn)

Definicdo 3: Um processo estocastico X = {X(t), t € T} diz-se
fracamente estacionario ou estacionario de segunda ordem
se e somente se

a) E{X()} = u(t) = y, constante;

b) E{X(t)*} finita

c) y(t1, t2) = Cov{X(t1)X(t2)} € uma funcao de |t1 — t2|.

Definicdo 4: um processo estocastico X = {X(t), t € T} diz-se
Gaussiano se, para qualguer conjunto t1, t2, ..., tn de T, as

v.a. X(t1), ..., X(tn) tém distribuicdo normal n-variada.

Definicao 5: As seéries {X(t), Y(t), t € T} sdo conjuntamente
estacionarias se a covariancia cruzada depende apenas de

tl — t2], iSto €, yy(tl, t2) = yy(tl — t2)).



4. Funcao de autocovariancia

Definicdo 6: Uma funcéo real K € ndo negativa definida se e
somente se
Yic1 =1 @i &y K(Ti-1j) 2 0

para qualquer niumeros reais ai, ..., 8, € T1 .. TheR.

Seja {X(t), t € T} um processo estacionario real discreto, de
média zero e facv y; = E{X X}
Proposicao 1: Afacv y; satisfaz as seguintes propriedades:

a) Yo >0

D) Vr= VY-

C) Iyx = Yo

d) y; é ndo negativa definida, no sentido que

Yie1 i1 & 8 Vrigj2 0
para qualquer nimeros reais ai, ..., 8, € T1 .. Ther.

Observacéao: a reciproca da propriedade d) também é
verdadeira, isto €, dada uma funcgao y; tendo a propriedade

d), existe um processo estocastico X(t), tendo y; como facv.

Tipicamente, a facv de um processo estacionario tende a

Zero, para |Y—ee.
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Figura 2.3: Funcao de autocovariancia

Teorema: uma funcdo real definida sobre Z € a funcédo de
auto-covariancia de um processo estacionario se e somente

se ela for ndo negativa definida e par.

Exemplos:

Example 1.8 White Noise

A simple kind of generated series might be a collection of uncorrelated ran-
dom wvarables, w;, with mean 0 and finite variance -::Ffl,. The time series
generated from uncorrelated variables 1s used as a model for noise in en-
gineering applications, where it i1s called white noise; we shall sometimes
denote this process as w; ~ wn(0,5.). The designation white originates
from the analogy with white light and indicates that all possible periodic
oscillations are present with equal strength.



We will, at times, also require the noise to be ndependent and 1dentically
distributed (iid) random variables with mean () and variance o2, We shall
distinguish this case by saying white independent noise, or by writing w; ~
id(0,o2). A particularly useful white noise series is Gaussian white noise,
wherein the w; are independent normal random variables, with mean () and
variance ¢~ ; or more succinctly, wy ~ iid N(0,a2).

Mean Function of a Moving Average Series
If w; denotes a white noise series, then g, = E{w;) = 0 for all £. The top
series in Figure 1.8 reflects this, as the series clearly fluctuates around a

mean value of zero. Smoothing the series as in Example 1.9 does not change
the mean because we can write

pot = B(ve) = 3[E(we—1) + E(we) + E(weqq)] = 0.

v = —;[wt—l + u + 'U-’!:+IJ':

Autocovariance of White MNoise
The white noise series we has E(uy) = 0 and

|
Ton

' (1.12)
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Fig. 1.8. Gaussian white noise series (top) and three-point moving average of the
Gaussian white noise series (bottom).



Autocovariance of a Moving Average
Consider applying a three-point moving average to the white noise series uy
of the previous example as in Example 1.9. In this case,

Yo(s,t) = covive, ve) = cov {3 (we 1 +We + Wasr), 3 (W +wp + weyq)}.
When s = t we have®

Yot t) = %Cﬂ‘f{(wf_l +wy +wesn ), (Wi +we +wepn)}

= %[cov[wt_l._wt_ﬂ + cov(wg, we) + cov(wi iy, wey)]

_ 3.2
_Egﬂ'—"

When s=¢+1,

"ﬁ_.[t 4+ 1, t:l = !;EO‘F{I{IU.: 4wy + T.Ur,+2:l, {T.I'."f,_] + uy 4+ w:.,.l}}

= gleov(wy, we) + cov(wiy1, wip)]

— 22
- Egﬂ'_ﬂ

using (1.12). Similar computations give v, (t — 1,¢) = 202 /0, 7,(t + 2,t) =
Yot —2,t) =02 /9, and 0 when |t — s| > 2. We summarize the values for all
s and { as

%Ji s=t.
2 2 _
2g2  |s—t =1,
Bty = 370 B (1.13)
0w |5s—1t] =2,
0 |s —t| = 2.
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Fig. 1.12. Autocovariance function of a three-point moving average,



Example 1.11 Random Walk with Drift

A model for analyzing trend such as seen in the global temperature data
Figure 1.2, 1= the random walk with drnft model given by

Te =& 4+ Tp—1 + uy (1.3)
for £t = 1,2,..., with mitial condition g = 0, and where w; = white noise.
The constant § i= called the dnft, and when & = 0, {1.3) 15 called simply a
random walk. The term random walk comes from the fact that, when § = 0,
the value of the time series at time ¢ s the value of the series at time £ — 1
plus & completely random movement determined by w,. Note that we may
rewrnite (1.3) as a cumulative sum of white noise vanates. That s,

3
Te=dt+ Y uy (1.4)
3=1

random walk
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Fig. 1.10. Random walk, o, = 1, with dnft § = .2 {upper jagged line), without
drift, § = 0 (lower jagged line), and a straight line with slope .2 (dashed line).



Mean Function of a Random Walk with Drift
Consider the random walk with drift model given in (1.4),

i
Te=0t+Yy w;, t=1,2,....
i=1
Because E(w;) = 0 for all £, and 4 is a constant, we have

t
pre = E(ze) =6t 4+ E(w;) = ot

i=1

Autocovariance of a Random Walk
For the random walk model, z;, = Zf'. w., we have

j=1 "7
2 t
Vz(8,t) = cov(zTs, Tt) = cov Z wj,Zwk = min{s, t} o2,
Jj=1 k=1

Example 1.12 Signal in MNoise
Many realistic models for generating time seres azsume an underlying signal
with some consistent periodic variation, contaminated by adding & random
noise. For example, it is easy to detect the regular evele IMRI series displayed
on the top of Figure 1.6, Consder the model

xy = 2oos(2mt /50 4+ Gw) 4+ wy (1.5)

for £ =1,2,..., 500, where the first term is reparded as the signal, shown in
the upper panel of Figure 1.11. We note that a sinusoidal waveform can be
written as

A cos( 2mwt + ¢), (1.6)

where A is the amplitude, w is the frequency of oscillation, and ¢ 15 a phase
shift. In {1.5), 4 = 2, w = 1/50 (one cyvcle every 50 time points), and
|25| = .EiTI'.
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Fig. 1.11. Cosine wave with period 50 points (top panel) compared with the cosine
wave contaminated with additive white Gaussian noise, o, = 1 (middle panel) and
Tw = 5 (bottom panel); see (1.5).

Example 1.15 Mean Function of Signal Plus Noise
A great many practical applications depend on assuming the ohserved data
have heen generated by a fixed signal waveform superimposed on a zero-
mean noise process, leading to an additive signal model of the form (1.5). It
is clear, because the signal in (1.5) is a fixed function of time, we will have

ptre = E(x¢) = E[2cos(2mt /50 + .6m) + wy]
= 2cos(2mt /50 + .6m) + E(wy)
= 2cos(2mt /50 + .67),

and the mean function 1s just the cosine wave.

Example 1.10 Autoregressions
Suppose we consider the white noise series wy of Example 1.8 as input and
calculate the output using the second-order equation

Ty =Ty — 919 + wy (1.2)
successively for £ = 1,2,...,500. Equation (1.2) represents a regression or

prediction of the current value x; of a time series as a function of the past
two values of the series, and, hence, the term autoregression is suggested
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Fig. 1.9, Autoregressive series generated from model (1.2).

Example 1.21 Joint Stationarity
Consider the two series, r; and y;, formed from the sum and difference of
two successive values of a white noise process, say,

Iy = Wy + W

and
Up = Wy — Wy,

where w; are independent random variables with zero means and variance
o2 . It is easy to show that 7.(0) = 7,(0) = 202 and 7,(1) = ~.(-1) =
72, Yy(1) = v (—1) = —o3,. Also,

2
Yryll) = cov(resy, yp) = cov(wep + we, wy —wy_) = oy,

because only one term is nonzero (recall footnote 3 on page 20). Similarly,
Yey(0) = 0,792, (—1) = —02. We obtain, using (1.27),

0 h =10,
1/2 h=1,
.I'-"‘r_r.r'ihj' = —lle h—_1
0 |h| = 2.

Clearly, the autocovariance and cross-covariance functions depend only on
the lag separation, h, so the series are jointly stationary.



Definigao Seja {X(t).t € IR} um processo de segunda ordem. Dizemos que
X (t) é continuo em média quadratica no ponto tg se e somente se

lim E{|X (1) = X (to) "} = 0. (2.15)

Escreveremos X (t) — X (fp) mq.

Continuidade em mq de X (7) esta relacionada com continuidade da fa.c.v. (7).

Proposicao Continuidade de ~(7) para 7 = 0 implica em continuidade de
~(7) para todo T.

Proposigao Se v(7) for continua, entao X (t) é continuo em média quadraitica.

5. Processos Estocasticos Complexos
Em algumas situagbes é conveniente considerar processos

estocasticos complexos, isto &€, temos uma familia {X(t), teT?},

onde para cada teT , X(t) é uma v.a. complexa. Ou se€ja,

podemos escrever
X(t) =Y (t) +iZ(p),

onde Y (t) e Z(t) sdo processos estocasticos reais.

Neste caso, X(t) estara especificado se conhecermos as
funcdes de distribuicao das 2n v.a. reais Y (t1), . . ., Y (L),
Z(ty), ... ,Z(t,), para qualquer conjunto ty, . . ., t,de T.



Definimos a média de X () por
E{X(t)} = E{Y(t)} +iE{Z(t)}, (2.16)
¢ a variancia por
Var(X ()} = E{IX (1) - E{X (1)}2}. (2.17)

Vemos, pois, que a média é um nimero complexo, mas a variancia é um numero
real. A fa.c.v. de X(t) é definida por

Y(t1,t2) = E{[X(t1) — E{X(t1)}][X (t2) — E{X(t2)}]}, (2.18)

para t1.tp € T.

Se o processo complexo X (t) for estacionario, entao (2.16) e (2.17) serdao cons-
tantes (a primeira complexa e a segunda real) e a fa.c.v. (2.18) dependerd apenas
de |t; — ta|. de modo que podemos escrever

v(r) = E{X(t+ )X (1) }. (2.19)

supondo a média zero. As propriedades de y(T ) no caso real,

sao facilmente adaptadas para o caso complexo.
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