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Abstract This paper is devoted to the study of weakly continuous holomorphic func-
tions on pseudoconvex domains in Banach spaces with Schauder bases. We establish
the identity of pseudoconvex domains and domains of existence of weakly continuous
holomorphic functions. We show that holomorphic functions can be approximated by
weakly continuous holomorphic functions. We study the spectra of certain algebras
of weakly continuous holomorphic functions.
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Introduction

Let E be a Banach space, and let U be an open subset of E. Let H(U) denote the
algebra of all complex-valued holomorphic functions on U , and let Hwu(U) denote
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the subalgebra of all f ∈ H(U) that are weakly uniformly continuous on each U -
bounded set.

The study of weakly continuous holomorphic functions on Banach spaces was
initiated by Aron in [2], and the papers of Aron and Prolla [4], and Aron, Hervés and
Valdivia [3] have become the standard references to the subject.

Most papers in this direction have been devoted to the study of functions defined
on the entire space, and only the most recent papers have been devoted to the study of
functions defined on absolutely convex open sets. We refer for instance to the recent
papers of Burlandy and Moraes [6] and Carando, García and Maestre [7].

This paper is devoted to the study of weakly continuous holomorphic functions
defined on pseudoconvex open sets. More precisely we study the algebra Hαwud(U)

of all f ∈ H(U) that are weakly uniformly continuous on each ball B(x; r), with
x ∈ U and 0 < r < αdU(x), where dU(x) denotes the distance from x to the boundary
of U , and 0 < α ≤ 1.

When studying a holomorphic function f defined on an open set U it is often
necessary to approximate f by holomorphic functions that depend only of finitely
many variables. If U is balanced, then one can first approximate f by the polyno-
mials of its Taylor series, and then use some approximation property on the space to
approximate polynomials by polynomials of finite type. If U is not balanced, then
the situation is much more complicated. In this paper we use the pseudoconvexity
of the open set, together with the hypothesis of the Schauder basis, to approximate
holomorphic functions by holomorphic functions that depend only of finitely many
variables. We essentially follow the approach of Gruman and Kiselman [12], when
they solved the Levi problem in Banach spaces with a Schauder basis, and the refine-
ments introduced by other authors to solve several related problems.

This paper is organized as follows. In Sect. 1 we show that every pseudoconvex
open set U in a Banach space with a Schauder basis is the domain of existence of a
function f ∈ Hαwud(U), for a suitable α, which depends only on the Schauder basis.

In Sect. 2 we show that if U is a pseudoconvex open set in a Banach space with
a Schauder basis, and (xn) is a sequence of distinct points of U which tend to the
boundary of U , then for each sequence (bn) in a Banach space F , there is a function
f ∈ Hαwud(U ;F) such that f (xn) = bn for every n, for a suitable α, which depends
only on the Schauder basis.

In Sect. 3 we obtain several theorems on holomorphic approximation. Among
other results we show that if U is a pseudoconvex open set in a Banach space with a
Schauder basis, then, for a suitable α, Hαwud(U) is a sequentially dense subalgebra
of H(U) for the compact-open topology.

Section 4 is devoted to a study of the spectrum of the Fréchet algebra Hαwud(U),
for a suitable α. We show that if U is a pseudoconvex open set in a Banach space
with a Schauder basis, then each continuous complex homomorphism of Hαwud(U)

is the pointwise limit of a sequence of point evaluations.
For background information on the basic properties of holomorphic or plurisub-

harmonic functions on infinite dimensional spaces we refer to the books of Di-
neen [10] or Mujica [24].
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1 The Levi problem

As far back as 1911 Levi [18] posed the problem as to whether every pseudocon-
vex domain in C

n is the domain of existence of a holomorphic function. In 1942
Oka [32] solved this problem for n = 2, and it was only in 1953–1954 that Oka [33],
Bremermann [5] and Norguet [28] solved this problem for arbitrary n.

Since its solution, new versions of the Levi problem have naturally arisen. In 1972
Gruman and Kiselman [12] solved the Levi problem in the case of Banach spaces
with a Schauder basis, and soon afterwards Noverraz [29] extended that result to the
case of separable Banach spaces with the bounded approximation property. On the
other hand Josefson [17] gave an example of a pseudoconvex domain in the nonsep-
arable Banach space c0(I ) (I uncountable) that is not the domain of existence of any
holomorphic function.

In this section we are interested in determining whether every pseudoconvex do-
main in a Banach space with a Schauder basis is the domain of existence of a holo-
morphic function with some weak-continuity properties. We answer this question in
the affirmative by proving that if U is a pseudoconvex open set in a Banach space with
a Schauder basis, then U is the domain of existence of a function f ∈ Hαwud(U) for
a suitable α, which depends only on the Schauder basis.

Let E be a Banach space with a Schauder basis (en). Let En denote the subspace
generated by e1, . . . , en, let (φn) ⊂ E′ denote the sequence of coordinate functionals,
and let (Tn) ⊂ L(E;E) denote the sequence of canonical projections, that is Tnx =∑n

i=1 φi(x)ei for every x ∈ E. Let c ≥ 1 denote the basis constant and let ca ≥ 1
denote the asymptotic basis constant, that is,

c = sup
n∈N

‖Tn‖, ca = lim sup
n→∞

‖Tn‖.

Observe that 1 ≤ ca ≤ c < ∞. The basis is said to be monotone if c = 1, and is said to
be asymptotically monotone if ca = 1. Clearly every monotone basis is asymptotically
monotone, but while monotone bases are rather special, asymptotically monotone
bases can be found everywhere. Indeed, an examination of the proof of a classical
result of Mazur (see [19, Theorem 1.a.5]) shows the following theorem.

Theorem 1.1 Every infinite dimensional Banach space contains a closed, infinite
dimensional subspace with an asymptotically monotone Schauder basis.

We remark that Theorem 1.1 was first proved by Day [9]. His proof is based on a
generalization of the Borsuk-Ulam antipodal theorem.

If f ∈ H(U), then rcf (x) denotes the radius of convergence of the Taylor series
of f at x ∈ U , and rbf (x) denotes the radius of boundedness of f at x ∈ U . Let
dU(x) denote the distance from x ∈ U to the boundary of U . Nachbin [27] has shown
that rbf (x) = min{rcf (x), dU (x)} for every x ∈ U (see [27, Proposition 7.2] or [24,
Theorem 7.13]). An open set U is said to be pseudoconvex if the function − logdU is
plurisubharmonic on U . An open set U is the domain of existence of f if and only if
rcf (x) ≤ dU(x) for every x ∈ U .
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Consider the sets

Aj = Aj(U) =
{
x ∈ U : sup

n≥j

‖Tnx − x‖ < dU(x)
}
,

Bj = Bj (U) = {x ∈ Aj : ‖x‖ < j and dAj
(x) > 1/j},

Cj = Cj(U) =
{
x ∈ Bj : sup

n≥j

‖Tnx − x‖ < dBj
(x)

}
.

Since we can readily prove that supn≥j‖Tnx − x‖ is a continuous function on E, it
follows that the sets Aj , Bj and Cj are open. These sets were studied in the book of
Mujica [24]. Fréchet space versions of these sets had appeared earlier in two articles
of Mujica [21, 22], and have been studied in the book of Dineen [10].

When we are dealing with a fixed open set U , we will usually write Aj , Bj and
Cj . But sometimes it is better to use the more precise notation Aj(U), Bj (U) and
Cj (U). Observe that Cj = Cj (U) = Aj(Bj ). This remark will be used later on.

Let C denote the sequence (Cj )
∞
j=1, and let Hwu(C) denote the subalgebra of all

f ∈ H(U) that are weakly uniformly continuous on each Cj . It follows from an
argument of Aron and Prolla [4, Lemma 2.2] that each f ∈ Hwu(C) is bounded on
each Cj . Hwu(C) is a Fréchet algebra for the topology of uniform convergence on
the sets Cj .

The key result in this section is the following theorem.

Theorem 1.2 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. Then U is the domain of existence of a function f ∈ Hwu(C).

Before proving Theorem 1.2 we need some auxiliary lemmas. Before stating those
lemmas we fix some additional notation and terminology.

Let P s(U) denote the set of all plurisubharmonic functions on U , and let P sc(U)

denote the subset of all continuous plurisubharmonic functions on U . We recall that
a function f : U → [−∞,∞) is said to be plurisubharmonic if f is upper semicon-
tinous and

f (a) ≤
∫ 2π

0
f (a + eiθb)dθ

for each a ∈ U and b ∈ E such that a + λb ∈ U whenever |λ| ≤ 1.
Let A ⊂ U . We recall that, given a family F ⊂ H(U), the set ÂF is defined by

ÂF =
{
x ∈ U : |f (x)| ≤ sup

A

|f | for all f ∈ F
}
.

Likewise, given a family F ⊂ P s(U), the set ÂF is defined by

ÂF =
{
x ∈ U : f (x) ≤ sup

A

f for all f ∈ F
}
.

A set A ⊂ U is said to be U -bounded if A is bounded in E and lies strictly inside U ,
that is dU(A) > 0, where dU (A) = infx∈A dU(x).
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Lemma 1.3 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. Then, given n ∈ N, fn ∈ H(U ∩ En) and ε > 0, there exists
f ∈ Hwu(C) such that

sup
Cn

|f − fn ◦ Tn| ≤ ε.

Proof The proof of [24, Lemma 45.5] shows the existence of a sequence (fj )
∞
j=n+1,

with fj ∈ H(U ∩ Ej) for every j , such that the sequence (fj ◦ Tj )
∞
j=n converges

uniformly on each Cj to a function f . It is clear then that f ∈ Hwu(C). �

Lemma 1.4 Let E be a Banach space with a Schauder basis, and let U be a
pseudoconvex open subset of E. Then (Ĉj )Hwu(C) ⊂ (̂Bj )P sc(U)

, and in particular

dU((Ĉj )Hwu(C)) ≥ 1/j for every j .

Proof The proof of [24, Lemma 45.6] applies word by word, but using Lemma 1.3
instead of [24, Lemma 45.5]. �

We remark that Lemmas 45.5 and 45.6 in [24] are stated for Banach spaces with a
monotone Schauder basis, but they are still true for Banach spaces with an arbitrary
Schauder basis.

Proof of Theorem 1.2 Let D be a countable dense subset of U . Let (xj )
∞
j=1 be

a sequence of points of D such that each point in D appears in the sequence
(xj )

∞
j=1 infinitely many times. Consider the sequence C = (Cj )

∞
j=1. By Lemma 1.4

dU((Ĉj )Hwu(C)) ≥ 1/j for every j , and therefore B(x;dU (x)) �⊂ (Ĉj )Hwu(C) for
every x ∈ U and j ∈ N. After replacing (Cj )

∞
j=1 by a subsequence, if necessary,

we can find a sequence (yj )
∞
j=1 ⊂ U such that

yj ∈ B(xj , dU (xj )), yj /∈ (Ĉj )Hwu(C) and yj ∈ Cj+1 for every j.

Hence we can find a sequence (gj )
∞
j=1 ⊂ Hwu(C) such that

|gj (yj )| > 1 > sup
Cj

|gj | for every j.

By taking powers of each gj we can inductively find a sequence (fj )
∞
j=1 ⊂ Hwu(C)

such that

sup
Cj

|fj | ≤ 2−j and |fj (yj )| ≥ j + 1 +
∣
∣
∣
∣

∑

i<j

fi(yj )

∣
∣
∣
∣ for every j.

Hence it follows that the series
∑∞

j=1 fj converges uniformly on each Cj to a func-
tion f ∈ Hwu(C) such that |f (yj )| ≥ j for every j . We will prove that U is the
domain of existence of f . Given x ∈ D, let (jn)

∞
n=1 be a strictly increasing sequence

in N such that xjn = x for every n. Hence it follows that yjn ∈ B(x;dU (x)) and
|f (yjn)| ≥ jn for every n. This shows that f is unbounded on the ball B(x;dU (x)),
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and therefore rcf (x) ≤ dU(x) for every x ∈ D. Since D is dense in U , it follows
that rcf (x) ≤ dU(x) for every x ∈ U . Hence U is the domain of existence of f , as
asserted. �

The algebra Hwu(C) has very nice properties, but it is not completely satisfac-
tory, since its definition depends on the choice of the Schauder basis in E. We next
consider an algebra of weakly continuous holomorphic functions which has an in-
trinsic definition. Let 0 < α ≤ 1, and let Hαwud(U) (resp. Hαd(U)) denote the sub-
algebra of all f ∈ H(U) that are weakly uniformly continuous (resp. bounded) on
each ball B(x; r), with x ∈ U and 0 < r < αdU(x). It follows from an argument of
Aron and Prolla [4, Lemma 2.2] that Hαwud(U) ⊂ Hαd(U). If E is separable, then
Hαd(U) is a Fréchet algebra for the topology of uniform convergence on the balls
B(x; r), with x ∈ U and 0 < r < αdU(x), and Hαwud(U) is a closed subalgebra of
Hαd(U). The algebra Hαd(U) was studied a long time ago by Matos [20], and has
recently been rediscovered by Dineen and Venkova [11] when α = 1. We remark that
if Hb(U) denotes the classical Fréchet algebra of all f ∈ H(U) which are bounded
on U -bounded sets, then Hb(U) ⊂ Hd(U), and Dineen and Venkova [11] have given
examples where there is equality, and where there is inequality.

Theorem 1.5 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. If α = (3ca)

−2, then U is the domain of existence of a
function f ∈ Hαwud(U).

To prove this theorem we need the following lemma, with additional properties of
the open sets Aj , Bj and Cj .

Lemma 1.6 Let E be a Banach space with a Schauder basis, and let U be an open
subset of E. Then:

(a) Given x ∈ U and 0 < r < (3ca)
−1dU (x), there exists j1 ∈ N such that B(x, r) ⊂

Aj1 .
(b) Given x ∈ U and 0 < r < (3ca)

−1dU (x), there exists j2 ∈ N such that B(x, r) ⊂
Bj2 .

(c) Given x ∈ U and 0 < r < (3ca)
−2dU (x), there exists j3 ∈ N such that B(x, r) ⊂

Cj3 .

Proof (a) Since 3car < dU(x), there exists θ > 1 such that 3θcar < dU(x). Since

ca = lim sup
n→∞

‖Tn‖ = lim
j→∞ sup

n≥j

‖Tn‖,

there exists j1 ∈ N such that ‖Tn‖ < θca for every n ≥ j1. Since ‖Tnx − x‖ → 0, we
may in addition assume that

‖Tnx − x‖ < (θca − 1)r for every n ≥ j1.
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Let y ∈ B(x, r) and n ≥ j1. Then

‖Tny − y‖ ≤ ‖Tny − Tnx‖ + ‖Tnx − x‖ + ‖x − y‖
< θcar + (θca − 1)r + r = 2θcar <

2

3
dU(x).

Since y ∈ B(x, r) ⊂ B(x, 1
3dU (x)), it follows that

sup
n≥j1

‖Tny − y‖ <
2

3
dU(x) ≤ dU(y),

and therefore y ∈ Aj1 . Thus B(x, r) ⊂ Aj1 .
(b) Choose s such that r < s < (3ca)

−1dU(x). By (a) there exists j1 ∈ N such that
B(x, s) ⊂ Aj1 , and hence

dAj1
(y) ≥ s − r for every y ∈ B(x, r).

Choose j2 ≥ j1 such that j2 > ‖x‖+ r and 1
j2

< s − r . Then it is clear that B(x, r) ⊂
Bj2 .

(c) To begin with we observe that Cj = Cj(U) = Aj(Bj ). If U ⊂ V , then it is
clear that Aj(U) ⊂ Aj(V ). We next use these remarks to derive (c) from (a) and (b).

Since 3car < (3ca)
−1dU(x), we may choose s such that 3car < s < (3ca)

−1dU(x).
By (b) there exists j2 > j1 such that B(x, s) ⊂ Bj2 . Thus dBj2

(x) ≥ s > 3car , and

therefore 0 < r < (3ca)
−1dBj2

(x). By (a) there exists j3 ∈ N such that

B(x, r) ⊂ Aj3(Bj2) ⊂ Aj3(Bj3) = Cj3,

and the proof is complete. �

Proof of Theorem 1.5 By Lemma 1.6 Hwu(C) ⊂ Hαwud(U), and the conclusion fol-
lows from Theorem 1.2. �

2 Interpolation sequences

Theorem 2.1 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. Let (xp) be a sequence of distinct points of U such that
limp→∞ dU (xp) = 0. Then there exists f ∈ Hwu(C) such that:

(a) limp→∞ |f (xp)| = ∞.
(b) f (xp) �= f (xq) whenever p �= q .

Before proving Theorem 2.1, we need the following auxiliary lemma.

Lemma 2.2 Let A be a subalgebra of H(U) and let A be a subset of U such that
A = ÂA. Then for each finite set B ⊂ U \ A there exists f ∈ A such that |f (y)| >

supA |f | for every y ∈ B .
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Proof Let B = {y1, . . . , yn}. The conclusion is obviously true if B has one ele-
ment. Let n > 1 and assume that the conclusion is true for sets B containing at
most n − 1 elements. Then there are φ, ψ ∈ A such that |φ(y1)| > supA |φ| and
|ψ(yj )| > supA |ψ | for j = 2, . . . , n. If |ψ(y1)| > supA |ψ |, then ψ has the re-
quired properties. Hence we may assume that |ψ(y1)| ≤ supA |ψ |. After multiply-
ing φ and ψ by suitable constants, we may assume that |φ(y1)| > 1 > supA |φ| and
|ψ(yj )| > 1 > supA |ψ | ≥ |ψ(y1)| for j = 2, . . . , n. Let f = φp , where p ∈ N is
chosen so that |f (y1)| > 3

2 > 1
2 > supA |f |. Let g = ψq , where q ∈ N is chosen so

that

|g(yj )| > |f (yj )| + 1 >
1

2
> sup

A

|g| ≥ |g(y1)| for j = 2, . . . , n.

Then supA |f + g| ≤ supA |f | + supA |g| < 1
2 + 1

2 = 1. Thus

|(f + g)(y1)| ≥ |f (y1)| − |g(y1)| > 3

2
− 1

2
= 1 > sup

A

|f + g|

and

|(f + g)(yj )| ≥ |g(yj )| − |f (yj )| > 1 > sup
A

|f + g| for j = 2, . . . , n. �

Proof of Theorem 2.1 (i) By modifying the proof of Theorem 1.2 we show the ex-
istence of f ∈ Hwu(C) satisfying (a). Since limp→∞ dU (xp) = 0, there is a strictly
increasing sequence (pj ) ⊂ N such that dU(xp) < 1/j for every p ≥ pj . Consider
the sets Fj defined by F1 = {xp : dU(xp) ≥ 1/2} and

Fj = {xp : 1/(j + 1) ≤ dU(xp) < 1/j} for j ≥ 2.

Since
⋃j

i=1 Fi = {xp : dU (xp) ≥ 1/(j + 1)}, it follows that p < pj+1 whenever

xp ∈ ⋃j

i=1 Fi . Hence |Fj | ≤ |⋃j

i=1 Fi | < pj+1. Thus (Fj ) is a sequence of disjoint
finite sets whose union is {xp : p ∈ N}. By Lemma 1.4 dU((Ĉj )Hwu(C)) ≥ 1/j , and it
follows that

Fj ⊂ U \ (Ĉj )Hwu(C) for every j ≥ 2.

By using Lemma 2.2 we can find a sequence (gj )
∞
j=2 ⊂ Hwu(C) such that

|gj (y)| > 1 > sup
Cj

|gj | for every y ∈ Fj , j ≥ 2.

By taking powers of each gj we can inductively find a sequence (fj )
∞
j=2 ⊂ Hwu(C)

such that

sup
Cj

|fj | ≤ 2−j and |fj (y)| ≥ j + 1 + ‖y‖2 +
∣
∣
∣
∣

∑

i<j

fi(y)

∣
∣
∣
∣ for all y ∈ Fj , j ≥ 2.

Hence it follows that the series
∑∞

j=2 fj converges uniformly on each Cj to a func-

tion f ∈ Hwu(C) such that |f (y)| ≥ j + ‖y‖2 for every y ∈ Fj , j ≥ 2. In particular
it follows that limp→∞ |f (xp)| = ∞ and |f (xp)| ≥ ‖xp‖2 for every p ≥ 2.
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(ii) If f verifies (b), there is nothing to prove. If f does not verify (b), we follow
an argument of Hervier [13] to find g ∈ Hwu(C) that verifies (a) and (b). For p �= q

the set

Vpq = {φ ∈ E′ : φ(xp) − φ(xq) �= f (xp) − f (xq)}
is open and dense in E′. By the Baire theorem the intersection

⋂
p �=q Vpq is non-

empty. Thus there exists φ ∈ E′ such that φ(xp) − φ(xq) �= f (xp) − f (xq) for all
p �= q . Thus the function g = f − φ verifies (b). If the sequence (xp) is bounded,
then it is clear that g verifies (a). If the sequence (xp) is unbounded, then g also
verifies (a), for

|g(xp)| ≥ |f (xp)| − |φ(xp)| ≥ ‖xp‖2 − ‖φ‖‖xp‖ → ∞. �

From Theorem 2.1 and Lemma 1.6 we immediately obtain the following theorem.

Theorem 2.3 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of U . Let (xp) be a sequence of distinct points of U such that
limp→∞ dU (xp) = 0. If α = (3ca)

−2, then there exists f ∈ Hαwud(U) such that:

(a) limp→∞ |f (xp)| = ∞.
(b) f (xp) �= f (xq) whenever p �= q .

In the preceding section we defined the algebras Hwu(C) and Hαwud(U). If F

is a Banach space, then the spaces Hwu(C;F) and Hαwud(U ;F) are defined in the
obvious way.

Theorem 2.4 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. Let (xp) be a sequence of distinct points of U such that
limp→∞ dU (xp) = 0, and let (bp) be an arbitrary sequence in a Banach space F .
Then there exists f ∈ Hwu(C;F) such that f (xp) = bp for every p.

Theorem 2.4 follows from Theorem 2.1 and the following lemma.

Lemma 2.5 Let (ap) be a sequence of distinct points in C such that limp→∞ |ap| =
∞. Let (bp) be an arbitrary sequence in a Banach space F . Then there exists f ∈
H(C;F) such that f (ap) = bp for every p.

Proof When F = C this lemma is an exercise in Ahlfors’ book [1], and the hint given
there works equally in the vector-valued case. Indeed let g ∈ H(C) be a function with
a simple zero at each ap , and let f ∈ H(C;F) be defined by

f (z) =
∞∑

n=1

g(z)

z − an

bn

g′(an)
eρnan(z−an),
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where (ρn) is a sequence of positive numbers to be chosen later (when z = an, we
interpret g(z)

z−an
as g′(an)). Then for |z| ≤ |an|

2 we have that

∣
∣
∣
∣
eρnan(z−an)

z − an

∣
∣
∣
∣ ≤ 2

|an|e
Re[ρnan(z−an)] ≤ 2

|an|e
− 1

2 ρn|an|2 .

There is cn > 0 such that |g(z)| ≤ cn for |z| ≤ |an|
2 . We may choose ρn such that

cn

‖bn‖
|g′(an)|

2

|an|e
− 1

2 ρn|an|2 ≤ 1

n2
for every n.

Since |an| → ∞, there is a strictly increasing sequence (np) in N such that |an| > |ap|
for n ≥ np . Then for |z| ≤ |ap |

2 we have that

∞∑

n=1

|g(z)| ‖bn‖
|g′(an)|

∣
∣
∣
∣
eρnan(z−an)

z − an

∣
∣
∣
∣ =

np−1∑

n=1

|g(z)| ‖bn‖
|g′(an)|

∣
∣
∣
∣
eρnan(z−an)

z − an

∣
∣
∣
∣

+
∞∑

n=np

|cn| ‖bn‖
|g′(an)|

2

|an|e
− 1

2 ρn|an|2

≤ Cp +
∞∑

n=np

1

n2
,

where Cp denotes the supremum of the first sum on the disc |z| ≤ |ap |
2 . Thus the

series converges uniformly on each disc and f ∈ H(C;F). Clearly f (ap) = bp for
every p. �

Theorem 2.6 Let E be a Banach space with a Schauder basis, and let U be a pseudo-
convex open subset of E. Let (xp) be a sequence of distinct points of U such that
limp→∞ dU (xp) = 0, and let (bp) be an arbitrary sequence in a Banach space F . If
α = (3ca)

−2, then there exists f ∈ Hαwud(U ;F) such that f (xp) = bp for every p.

Theorem 2.6 follows from Theorem 2.4 and Lemma 1.6, or from Theorem 2.3 and
Lemma 2.5.

Theorems 2.1, 2.3, 2.4 and 2.6 sharpen results of Hervier [13]. By using cohomol-
ogy theory Patyi [34] has recently obtained a version of Hervier’s result.

Matos [20] has obtained a Cartan-Thullen theorem for the algebra Hd(U). His
method of proof yields a similar theorem for the algebra Hαwud(U). By combin-
ing this theorem with Theorem 1.5, and Theorems 2.3 and 2.6, we easily obtain the
following theorem.

Theorem 2.7 Let E be a Banach space with a Schauder basis, let α = (3ca)
−2 and

let U be an open subset of E. Then the following conditions are equivalent.

(a) U is the domain of existence of a function f ∈ Hαwud(U).
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(b) U is an Hαwud(U)-domain of holomorphy.
(c) dU(B̂Hαwud (U)) > 0 for each ball B = B(x; r), with x ∈ U and 0 < r < αdU(x).
(d) dU(K̂Hαwud (U)) > 0 for each compact set K ⊂ U .
(e) dU(K̂P s(U)) > 0 for each compact set K ⊂ U .
(f) U is pseudoconvex.
(g) For each sequence (xp) of distinct points of U such that dU (xp) → 0, there is

f ∈ Hαwud(U) such that |f (xp)| → ∞ and f (xp) �= f (xq) whenever p �= q .
(h) For each sequence (xp) of distinct points of U such that dU (xp) → 0, and

each sequence (bp) in a Banach space F (or equivalently in C), there exists
f ∈ Hαwud(U ;F) such that f (xp) = bp for every p ∈ N.

3 Holomorphic approximation

In 1965 Hörmander [14] used the ∂ operator to give a new proof of the identity of
pseudoconvex domains and domains of holomorphy in C

n. His approach yielded also
an approximation theorem that improved earlier results of Weil [38] and Oka [31].
Shortly after Gruman and Kiselman [12] solved the Levi problem in Banach spaces
with a Schauder basis, Noverraz [30] followed the same approach to obtain simi-
lar approximation theorems. In this section we obtain approximation theorems that
sharpen the results of Noverraz.

Definition 3.1 Let E be a Banach space and let U be a pseudoconvex open subset
of E.

(a) We say that an open set V ⊂ U is P s(U)-convex if dV (K̂P s(U) ∩V ) > 0 for each
compact set K ⊂ V .

(b) We say that V is strongly P s(U)-convex if K̂P s(U) ⊂ V and dV (K̂P s(U)) > 0 for
each compact set K ⊂ V .

We follow here the terminology in [23, Definition 4.2], which is slightly different
from the terminology in [24, Definition 45.1] and [10, Definition 5.28].

The main result of this section is the following.

Theorem 3.2 Let E be a Banach space with a Schauder basis, let U be a pseudo-
convex open subset of E, let V be a strongly P s(U)-convex open subset of U , and let
α = (3ca)

−2. Then:

(a) Hαwud(U) is sequentially dense in (H(V ), τ0).
(b) If, in addition, the basis is shrinking, then, for each f ∈ Hαwud(V ), there is a

sequence (fn) ⊂ Hαwud(U) which converges to f in Hβwud(V ), where β = α
ca

.

Proof The proof of (a) is a straightforward adaptation of the proof of [24, Theo-
rem 46.1], but we prefer to give the details, since some of the estimates obtained will
be used to prove (b). Since V is strongly P s(U)-convex, it follows that H(U ∩ En)

is dense in (H(V ∩ En), τ0) for every n (see [24, Corollary 44.4]). Hence, given
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f ∈ H(V ), there is a sequence (gn), with gn ∈ H(U ∩ En), such that |gn − f | < 1/n

on Bn(V ) ∩ En, and therefore

|gn ◦ Tn − f ◦ Tn| < 1/n on Cn(V ) for every n.

By Lemma 1.3 there is a sequence (fn) ⊂ Hwu(C(U)) ⊂ Hαwud(U) such that

|fn − gn ◦ Tn| < 1/n on Cn(U) for every n.

To complete the proof of (a) we show that (fn) converges to f in (H(V ), τ0). Indeed
let L be a compact subset of V , and let ε > 0. We first choose δ > 0 such that L +
B(0; δ) ⊂ V and |f (y) − f (x)| < ε whenever x ∈ L and ‖y − x‖ < δ. Choose n0 >

1/ε such that L ⊂ Cn0(V ) and ‖Tnx − x‖ < δ for all x ∈ L and n ≥ n0. Then for
x ∈ L and n ≥ n0 it follows that

|fn(x) − f (x)| ≤ |fn(x) − gn ◦ Tn(x)| + |gn ◦ Tn(x) − f ◦ Tn(x)|
+ |f ◦ Tn(x) − f (x)| < 3ε.

(b) If f ∈ Hαwud(V ), we will show that the sequence (fn) ⊂ Hαwud(U) con-
structed in (a) converges to f in Hβwud(V ). Indeed let a ∈ V , 0 < r < αdV (a) and
ε > 0. Let θ > 1 such that θ2r < αdV (a). By Lemma 1.6 there is n1 ∈ N such that
B(a; θ2r) ⊂ Cn1(V ), ‖Tn‖ < θca and ‖Tna − a‖ < θ2r − θr for all n ≥ n1. Hence it
follows easily that

Tn

(

B

(

a; r

ca

))

⊂ B(a; θ2r) for all n ≥ n1.

Since f is weakly uniformly continuous on B(a; θ2r), there is a balanced weakly
open neighborhood of zero W in E such that |f (y) − f (x)| < ε whenever x, y ∈
B(a, θ2r) and y −x ∈ W . Since the basis is shrinking, there is n2 ≥ n1 such that n2 >

1/ε and Tnx − x ∈ W for all x ∈ B(a; θ2r) and n ≥ n2 (see [37, Proposition 1.3]). It
follows that

|f ◦ Tn(x) − f (x)| < ε for all x ∈ B

(

a; r

ca

)

, n ≥ n2.

Then we can show as in (a) that

|fn(x) − f (x)| < 3ε for all x ∈ B

(

a; r

ca

)

, n ≥ n2. �

Corollary 3.3 Let E be a Banach space with a Schauder basis, and let U be a
pseudoconvex open subset of E, and let α = (3ca)

−2. Then Hαwud(U) is sequentially
dense in (H(U), τ0).

Theorem 3.4 Let E be a Banach space with a Schauder basis, let U be a pseudo-
convex open subset of E, let K be a compact subset of U such that K̂P s(U) = K , and
let α = (3ca)

−2. Then:
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(a) Given f ∈ H(V ), where V is open and K ⊂ V ⊂ U , there exist an open set W

with K ⊂ W ⊂ U and a sequence (fn) ⊂ Hαwud(U) such that f ∈ H(W) and
(fn) converges to f in (H(W), τ0).

(b) If, in addition, the basis is shrinking, then given f ∈ Hαwud(V ), where V is
open and K ⊂ V ⊂ U , there exist an open set W with K ⊂ W ⊂ U and a se-
quence (fn) ⊂ Hαwud(U) such that f ∈ Hαwud(W) and (fn) converges to f in
Hβwud(W), where β = α

ca
.

Proof Let f ∈ H(V ) (resp. f ∈ Hαwud(V )). By [24, Theorem 46.2], there exists
a strongly P s(U)-convex open set W such that K ⊂ W ⊂ V . Now the conclusion
follows from Theorem 3.2. �

Theorem 3.5 Let E be a Banach space with a Schauder basis, let U be a pseudo-
convex open subset of E and let α = (3ca)

−2. Then for each open set V ⊂ U , the
following conditions are equivalent.

(a) dV (K̂Hαwud (U) ∩ V ) > 0 for each compact set K ⊂ V .
(b) K̂Hαwud (U) ⊂ V and dV (K̂Hαwud (U)) > 0 for each compact set K ⊂ V .

(c) dV (K̂Hαwud (V )) > 0 for each compact set K ⊂ V , and Hαwud(U) is sequentially
dense in (H(V ), τ0).

(d) dV (K̂Hαwud (V )) > 0 for each compact set K ⊂ V , and Hαwud(U) is dense in
(H(V ), τ0).

Proof (a) ⇒ (b) Let K be a compact subset of V , and let us suppose that K̂Hαwud (U) �⊂
V . Then K̂Hαwud (U) is a disjoint union of two compact sets A0 and A1, where A0 =
K̂Hαwud (U) ∩V and A1 = K̂Hαwud (U) \V . Let f ∈ H(K̂Hαwud (U)) be equal to zero on
a neighborhood of A0 and equal to one on a neighborhood of A1. By Theorem 3.4,
there exists g ∈ Hαwud(U) such that supK̂Hαwud (U)

|g −f | < 1
2 . Then on the one hand

we have that |g| < 1
2 on K , and on the other hand we have that |g| > 1

2 on A1, which
is a contradiction since A1 ⊂ K̂Hαwud (U).

(b) ⇒ (c) Let K be a compact subset of V . Since K̂Hαwud (V ) ⊂ K̂Hαwud (U) ⊂ V , the
first assertion follows from (b). Since K̂P s(U) ⊂ K̂Hαwud (U), it follows from (b) that V

is strongly P s(U)-convex and then the second assertion follows from Theorem 3.2.
It is obvious that (c) ⇒ (d).
(d) ⇒ (a) Let K be a compact subset of V . Since Hαwud(U) is dense in

(H(V ), τ0), one can easily verify that K̂Hαwud (V ) = K̂Hαwud (U) ∩ V , and (a) fol-
lows. �

Theorem 3.6 Let E be a Banach space with a Schauder basis, let U be a pseudo-
convex open subset of E and let α = (3ca)

−2. Then K̂P s(U) = K̂H(U) = K̂Hαwud (U)

for each compact set K ⊂ U .

Proof The inclusions K̂P s(U) ⊂ K̂H(U) ⊂ ĤHαwud (U) are clear. To prove the reverse
inclusion we adapt the proof of [24, Theorem 46.5]. Let V be any open set such
that K̂P s(U) ⊂ V ⊂ U . By [24, Theorem 46.2] there is a strongly P s(U)-convex
open set W such that K̂P s(U) ⊂ W ⊂ V . Theorem 3.2 implies that Hαwud(U) is
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dense in (H(W), τ0) and therefore K̂Hαwud (U) ∩ W = K̂H(W). Theorem 2.7 guaran-
tees that dW (K̂Hαwud (U) ∩ W) = dW (K̂H(W)) > 0. By Theorem 3.5 we conclude that
K̂Hαwud (U) ⊂ W ⊂ V . Since V was arbitrary, it follows that K̂Hαwud (U) ⊂ K̂P s(U). �

It follows from the preceding two theorems that the two notions in Definition 3.1
coincide when E has a Schauder basis, that is, V is P s(U)-convex if and only if V

is strongly P s(U)-convex.
The results in this section sharpen results of Noverraz [30] and Mujica [23].

4 The spectrum

If A is a topological algebra of holomorphic functions on an open set U , then S(A)

denotes the spectrum of A, that is the set of all nonzero continuous algebra homo-
morphisms � : A → C.

There are examples of algebras for which every � ∈ S(A) is a point evaluation,
and there are other examples for which the point evaluations form a proper subset of
S(A).

For instance, if E is a Banach space with a Schauder basis, and U is a pseudo-
convex open subset of E, then a result of Schottenloher [36] asserts that every
� ∈ S(H(U), τ0) is a point evaluation.

On the other hand, if H∞(D) denotes the Banach algebra of all bounded holomor-
phic functions on the open unit disc, then a result of Carleson [8] asserts that the point
evaluations form a dense proper subset of S(H∞(D)) for the topology of pointwise
convergence. This is the famous corona theorem.

In this section we prove that under certain conditions every � ∈ S(Hwu(C)) is the
pointwise limit of a sequence of point evaluations. We also obtain a similar result for
the algebra Hαwud(U).

Theorem 4.1 Let E be a Banach space with a shrinking Schauder basis, and let U be
a pseudoconvex open subset of E. Then for each � ∈ S(Hwu(C)) there is a sequence
(an) ⊂ U such that

�(f ) = lim
n→∞f (an) for every f ∈ Hwu(C).

Proof We follow the approach of Schottenloher [36] and Mujica [25]. Given � ∈
S(Hwu(C)), there exist j0 ∈ N and γ > 0 such that

|�(f )| ≤ γ sup
Cj0

|f | for all f ∈ Hwu(C). (1)

Since � is a homomorphism, a standard argument shows that we may assume that
γ = 1. For each n ≥ j0 we define �n ∈ S(H(U ∩ En), τ0) as follows. Given f ∈
H(U ∩ En), by Lemma 1.3 there is a sequence (fnk) ⊂ Hwu(C) such that

sup
Cn

|fnk − f ◦ Tn| ≤ 1/k for all k. (2)
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It follows from (1) and (2) that (�(fnk)) is a Cauchy sequence in C, and therefore
converges. If we define

�n(f ) = lim
k→∞�(fnk), (3)

then clearly �n is well-defined, linear and multiplicative. It follows from (1), (2)
and (3) that

|�n(f )| ≤ sup
Cj0

|f ◦ Tn| ≤ sup
Bj0 ∩En

|f |,

and therefore �n is continuous. Since U ∩ En is a pseudoconvex open subset of
En, it follows that �n is a point evaluation (see [15, Theorem 7.2.10] or [24, Corol-
lary 58.8]). Hence there exists an ∈ U ∩ En such that

�n(f ) = f (an) for all f ∈ H(U ∩ En). (4)

Fix f ∈ Hwu(C). By the preceding argument, there is a sequence (fnk)
∞
k=1 ⊂ Hwu(C)

such that

lim
k→∞ sup

Cn

|fnk − f ◦ Tn| = 0 and lim
k→∞�(fnk) = �n(f ).

Hence we can find a sequence (kn) ⊂ N such that

sup
Cn

|fnkn − f ◦ Tn| < 1/n (5)

and

|�(fnkn) − �n(f )| < 1/n (6)

for all n ≥ j0. We next show that

f = lim
n→∞fnkn in Hwu(C). (7)

Let j ≥ j0 and ε > 0 be given. Let W be a balanced weakly open neighborhood of
zero en E such that |f (x)− f (y)| < ε whenever x, y ∈ Cj and x − y ∈ W . Since the
basis is shrinking, there is nj ≥ 1/ε such that x − Tnx ∈ W for all x ∈ Cj and n ≥ nj

(see [37, Proposition 1.3]). Hence

|f (x) − f ◦ Tn(x)| < ε for all x ∈ Cj ,n ≥ nj ,

and therefore

sup
Cj

|f − fnkn | ≤ sup
Cj

|f − f ◦ Tn| + sup
Cj

|f ◦ Tn − fnkn | < ε + 1/n < 2ε

for every n ≥ nj . This shows (7). It follows from (7), (6) and (4) that

�(f ) = lim
n→∞�(fnkn) = lim

n→∞�n(f ) = lim
n→∞f (an),

and the proof is complete. �
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Theorem 4.2 Let E be a Banach space with a shrinking Schauder basis, and let U be
a pseudoconvex open subset of E. If α = (3ca)

−2, then for each � ∈ S(Hαwud(U)),
there is a sequence (an) ⊂ U such that

�(f ) = lim
n→∞f (an) for all f ∈ Hαwud(U).

Proof The proof is a straightforward adaptation of the proof of Theorem 4.1. Given
� ∈ S(Hαwud(U)), there exists a set B0 of the form B0 = ⋃m

i=1 B(xi; ri), with xi ∈
U and 0 < ri < αdU(xi), such that

|�(f )| ≤ sup
B0

|f | for all f ∈ Hαwud(U).

By Lemma 1.6 there exists j0 ∈ N such that B0 ⊂ Cj0 . For each n ≥ j0 we define
�n ∈ S(H(U ∩ En), τ0) as follows. Given f ∈ H(U ∩ En), let (fk) ⊂ Hwu(C) ⊂
Hαwud(U) such that supCn

|fk − f ◦ Tn| ≤ 1/k for all k. Then the sequence (�(fk))

converges and we define �n(f ) = limk→∞ �(fk). For each n ≥ j0 there exists an ∈
U ∩ En such that �n(f ) = f (an) for all f ∈ H(U ∩ En). Fix f ∈ Hαwud(U). Then
for each n ≥ j0 there is (fnk)

∞
k=1 such that limk→∞ supCn

|fnk − f ◦ Tn| = 0 and
limk→∞ �(fnk) = φn(f ). Hence there is (kn) ⊂ N such that supCn

|fnkn − f ◦ Tn| <
1/n and |�(fnkn) − �n(f )| < 1/n for all n ≥ j0. We next show that

f = lim
n→∞fnkn in Hαwud(U).

Let B = ⋃p

i=1 B(xi; ri), with xi ∈ U and 0 < ri < αdU(xi), and let j ≥ j0 such that
B ⊂ Cj . Given ε > 0, let W be a balanced weakly open neighborhood of zero in E

such that |f (x) − f (y)| < ε whenever x, y ∈ B and x − y ∈ W . Let nj ≥ 1/ε such
that x − Tnx ∈ W for all x ∈ Cj and n ≥ nj . Hence |f (x) − f ◦ Tn(x)| < ε for all
x ∈ B and n ≥ nj , and therefore supB |f − fnkn | ≤ supB |f − f ◦ Tn| + supCn

|f ◦
Tn − fnkn | < ε + 1/n < 2ε. It follows that

�(f ) = lim
n→∞�(fnkn) = lim

n→∞�n(f ) = lim
n→∞f (an). �

We have stated our results in Banach spaces with a Schauder basis, but it is clear
that we obtain the best results when the Schauder basis is asymptotically monotone.

In [26] we extend some of the results in this paper to the realm of separable Ba-
nach spaces with the bounded approximation property. To achieve that purpose we
prove that every separable Banach space with the λ-bounded approximation property
is isometrically isomorphic to a 1-complemented subspace of a Banach space with a
Schauder basis whose asymptotic constant is not greater than λ. This is a sharp quan-
titative version of a classical result obtained independently by Pelczynski [35] and by
Johnson, Rosenthal and Zippin [16].

We are indebted to the referee for his (or her) careful examination of the manu-
script. Besides detecting a number of misprints, he (or she) made several suggestions
that have helped to improve the presentation.
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