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Schauder bases and the bounded approximation
property in separable Banach spaces

by

JORGE MuyicA and DANIELA M. VIEIRA (Campinas)

Abstract. Let E be a separable Banach space with the A-bounded approximation
property. We show that for each € > 0 there is a Banach space F' with a Schauder basis
such that F is isometrically isomorphic to a 1-complemented subspace of F' and, moreover,
the sequence (T},) of canonical projections in F has the properties

sup |[Tn|| < A+¢€ and limsup ||T,| < A
neN

n—o0

This is a sharp quantitative version of a classical result obtained independently by Petczyn-
ski and by Johnson, Rosenthal and Zippin.

Introduction. Pelczyniski [12] and Johnson, Rosenthal and Zippin [7]
have independently shown that every separable Banach space with the boun-
ded approximation property is topologically isomorphic to a complemented
subspace of a Banach space with a Schauder basis.

If E is a separable Banach space with the A-bounded approximation
property, then the proof of Pelezynski [12], which has been reproduced in
the book of Lindenstrauss and Tzafriri [8, p. 38|, shows that E is isometri-
cally isomorphic to a 1-complemented subspace of a Banach space F' with a
Schauder basis, whose basis constant is at most 5.

In this paper we show that if E is a separable Banach space with the
A-bounded approximation property, then for each € > 0 there is a Banach
space I’ with a Schauder basis, whose basis constant is at most A + €, such
that E is isometrically isomorphic to a 1-complemented subspace of F'. Our
proof is a refinement of the proof of Pelczyniski [12].

We establish our main result in Section 1. In Section 2 we use that result
to extend some recent results for holomorphic functions on Banach spaces
with Schauder bases (see [I1]) to the realm of separable Banach spaces with
the bounded approximation property.
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1. Schauder bases and the bounded approximation property. If
A > 1, then a Banach space FE is said to have the A-bounded approximation
property if for each compact set K C E and € > 0, there is a finite rank
operator T' € L(E; E) such that ||T|| < A and || Tz —z|| < € for every x € K;
F is said to have the bounded approximation property if E has the A-bounded
approximation property for some A > 1; and E is said to have the metric
approximation property if E has the 1-bounded approximation property.

A sequence (e,) C F is said to be a Schauder basis if each € E can be
uniquely written as a convergent series © = Y ° | &nen with (§,) C K. Let
(T},) denote the sequence of canonical projections, that is,

n o0
Thx = Zﬁjej for every z = Zﬁjej e k.
j=1 Jj=1
Let ¢ denote the basis constant, and let ¢, denote the asymptotic basis con-
stant, that is,
C:SllpHTnH, Ca :limsupHTnH'
neN n—00

A Schauder basis is said to be monotone if ¢ = 1, and asymptotically mono-
tone if ¢, = 1. Clearly every monotone basis is asymptotically monotone,
but while monotone bases are rather special, asymptotically monotone bases
can be found everywhere. Indeed, as pointed out in [11], an examination of
the proof of a classical result of Mazur (see [8, Theorem 1.a.5]) shows the
following theorem.

THEOREM 1.1. Ewvery infinite-dimensional Banach space contains a
closed, infinite-dimensional subspace with an asymptotically monotone Scha-
uder basis.

We remark that Theorem 1.1 was first proved by Day [2]. His proof is
based on a generalization of the Borsuk—Ulam antipodal theorem.

We also remark that Szarek [I3] has given an example of a separable
reflexive Banach space with the metric approximation property which does
not have a Schauder basis.

For background information on Schauder bases and approximation prop-
erties we refer to the book of Lindenstrauss and Tzafriri [§].

Our main result is the following theorem.

THEOREM 1.2. Let E be a separable Banach space with the A-bounded
approzimation property. Then for each € > 0 there is a Banach space F' with
a Schauder basis such that E is isometrically isomorphic to a 1-complemented
subspace of F' and, moreover, the sequence (T,) of canonical projections in
F' has the properties

c=sup||Ty|| <A+e and c¢o=limsup ||T5| < A.
n

n—oo
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COROLLARY 1.3. FEwvery separable Banach space with the metric approz-
mmation property is isometrically isomorphic to a 1-complemented subspace
of a Banach space with an asymptotically monotone Schauder basis.

To prove the theorem we need the following lemma, a refinement of a
lemma due to Petczynski [12].

LEMMA 1.4. Let E be a Banach space of finite dimension n. Then for
each € > 0, there are m € N and operators By, ..., By, € L(E; E) of rank
one such that

mn
ZBjx:x foral z e E
j=1

and

k mn
HZBJH + H Z BjH <l4e forall 1 <k<mn.
j=1 j=k+1

Proof. By Auerbach’s lemma (see [8, Proposition 1.c.3|) there are norm-
one vectors e, ...,e, € E and ¢1,...,¢, € E' such that ¢;(ex) = d;; for
g,k =1,...,n. Let Ay,..., A, € L(E;E) be defined by Ajz = ¢;(x)e;.
Then each A; has norm one and rank one, and

n n

(1) Zij = Zqﬁ](aﬁ)ej =z for every z € E.

Jj=1 Jj=1
Fix m € N. Then each integer £ with 1 < k£ < mn can be uniquely written
in the form

(2) k=rn+s with0<r<m-1,1<s<n.
If kis given by (2) we define By = m~!A,. By using (1), it follows that

rn+s

ZBQ:—ZBJE—{— Z Bjx

Jj=rn+1

1 S
:;;At$+m;At~x:;x+m;Atw'

Similarly we have

mn (r+1)n mn
> po- 3 e 3 on
Jj=k+1 j=rn+s+1 =(r+1)n+1

1 m—r—1g 1 < m—r—1

t=s+1 t=1 t=s+1
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Since mn = (m — 1)n + n, it follows that

mn

-1 1
ZBjx:m T+ —x=ux.
, m m

On the other hand, if 1 < k < mn, then

k mn
r+s (mn—s)+(m—-r—1) m+n-—1
DI RS DI R - -

m m

To complete the proof it suffices to choose m such that (n —1)/m < e.

Proof of Theorem [1.4 Let (z,) be a countable dense subset of E. Let
(Uy,) be a sequence of finite rank operators in L(F; E) such that ||U,] < A
for every n and ||Upx; — 2] < 1/n whenever 1 < j < n. It follows that (U,)
converges to the identity uniformly on compact subsets of E. If we define
Vi =U; and V,, = U,, — U,—; for every n > 2, then (V) is a sequence of
finite rank operators in L(F; E) such that 2?21 Vjx = U,x, and therefore
> 521 Vjr = for every x € E.

Let M,, = V,,(E) for every n, and let (e,,) be a strictly decreasing sequence
of positive numbers tending to zero, with €; = ¢/A. By Lemma 1.4 for each
n € N there are operators BY, ..., By € L(Mpy; M,), of rank one, such that

Pn
Z Bir=ua for every z € M,
j=1

k Pn
> B +] X B
J=1 j=k+1

Set pg = 0. Then each k£ € N can be uniquely written in the form

and

<l+e¢, foreveryl<k<p,.

(3) k=po+pr1+-+pp-1+s withl <s<pp.
If k is given by (3), then we define §;, = €, and Ay = B} o V,,. Then
k PO+ +Pn—1 po+-+pPn—1+s
Yodjp= > A+ > Ajx
J=1 J=1 J=po+-+pn-1+1
n—1 pr
—ZZBTOVJU—FZB”OV:U—ZVJU—FZB o Vo
r=1 t=1

—U,_ 1m+(23”) (U — Up_1)
:(tE;Bf)o ng:—i—(z Bf)o n—1T.

t=s+1
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On the one hand, it follows that

k s
|30 g — | < s =l + | B
j=1 t=1

< |Un-1z = 2| + (1 + &) [|(Un — Un—1)|;

and the last expression tends to zero when n tends to infinity. Since each
Aj; has rank one, we may write Az = ¢;(z)a; with ¢; € E' and a; € F,
lla;|| = 1. Thus

1(Un = Un—1)z||

o0 o0
x = ZAja: = Z ¢j(x)a; for every x € E.
j=1 j=1

On the other hand, it follows that

k S Pn
[ = a5 B
j=1 t=1 t=s+1

and therefore

[Un—1]l < A(1 + €n),

k
HZ AjH < A1+46g) forevery ke N.
j=1

Let F be the vector space of all sequences y = (n;) C K such that the
series Z;’;l n;a; converges in E. Then a standard argument shows that F,
endowed with the norm

)

k
Il = sup |3 nya;
j=1

is a Banach space whose unit vectors form a monotone Schauder basis. Let
(Tx) denote the sequence of canonical projections in F', that is,

Tyy = (Mm,...,M%,0,0,...) for every y = (n;) € F.
Let A€ L(E;F) and B € L(F; E) be defined by

Az = (¢j(x)) and By = anaj.

j=1
Then

| x| = sup Hi 85(@)as]| = sup Hi Age
i=1 i=1

< sup AL+ o) lz]l = AL+ en) |z,
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and
00 k
1Byl = [ 32 nos]| < sup |3 myas | = Il
j=1 i=1

Since B o Ax = x for every x € FE, F is isomorphic to a complemented
subspace of F.

Next we will renorm F' so as to obtain all the stated properties. Consider
the set

0o k
W = {y =(n;) € F: HznjajH <1, ‘ anajH < A(1 4+ 6) for every k}
j=1 j=1

Clearly W is convex and balanced. Since
W c{y =) e F:lyl <A1+e)},
it follows that W is bounded in F. And since
W o {y=(n) € F:|By| <1and |yl <A},

it follows that W is a 0-neighborhood in F', and is in particular absorbing.
Let Fy denote the vector space F', seminormed by the Minkowski functional
pw of W. Since W is bounded in F, py is a norm and the identity mapping
Fyw — Fis continuous. And since W is a O-neighborhood in F', the identity
mapping Fyr — F is actually a homeomorphism. In particular, Fyy is a
Banach space whose unit vectors form a Schauder basis.

If z € Bg, then Az = (¢;(x)) € W, since

00 k
HZ (bj(:v)ajH <1 and HZ <Z>j(:v)ajH <A1 +0dg) forevery k.
j=1 j=1
Conversely, if Az = (¢;(x)) € W, then x € B, since ||z|| = || 3272, ¢;(z)a,]|
< 1. Thus A : E — Fyy is an isometric embedding.
Clearly Ao B is a projection from Fy onto A(E). To show that A(E) is

a 1-complemented subspace of Fyr we will show that Ao B(y) € W for each
y € W.Let y=(n;) € W. Then Ao B(y) = (¢;(By)). On the one hand,

Hfj 03(By)as | = 1B(A 0 By)| = Byl = Hfjnjaju <1.
Jj=1 j=1
On the other hand,
IS0 s =[5 480 < [ A 18wl < 21+ 60
Jj=1 j=1 j=1

for every k, proving that A o B(y) € W.
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To complete the proof of the theorem we will prove that
(4) Ty € M1+ 6,)W  forally € W and k € N.

To see this write y = (n;) and Ty = (0;), where 0; = n; if 1 < j < k and
o;j = 0if j > k. On the one hand,

00 k
IS5 ] =[S s < At + 50
j=1 J=1
On the other hand, if 1 <1 < k, then

Hin = Hi ﬁjajH <AL+ 0) < ML+ k)AL + ).
Jj=1 Jj=1

Finally, if [ > k, then
l k
I3 ]| =[S0 mas| < A +80) <A@+ 8000+ &),
j=1 j=1

Thus (4) shows that ||T%| < A1 + dx) if we regard T} as a member of
L(Fw; Fw). Tt follows that

sup |[Tx|| < A(1+€) =A+¢e and limsup|Tg| < A,
k

k—o0
thus completing the proof.

Johnson [6] has proved that every separable reflexive Banach space with
the bounded approximation property is isomorphic to a complemented sub-
space of a reflexive Banach space with a Schauder basis, but he gives no
estimate of the size of the basis constant. On the other hand, Grothendieck
[5, Chapitre I, p. 181] (see also [8, Theorem 1.e.15]) has shown that every re-
flexive Banach space with the approximation property already has the metric
approximation property.

Motivated by these results, we would like to prove that every separable
reflexive Banach space with the (metric) approximation property is isomet-
rically isomorphic to a 1-complemented subspace of a reflexive Banach space
with an asymptotically monotone Schauder basis. But we have been unable
to use the method of proof of Theorem 1.2 to prove this.

2. Weakly continuous holomorphic functions. In a recent paper
we have made a detailed study of certain algebras of weakly continuous
holomorphic functions on a Banach space with a Schauder basis (see [11]).
With the aid of Theorem 1.2 we can extend some of those results to the realm
of separable Banach spaces with the bounded approximation property.

Before stating our results we have to introduce some notation and termi-
nology. For background information on infinite-dimensional complex analysis
we refer to the books of Dineen [3] or Mujica [10].
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Let E be a complex Banach space, let U be an open subset of E, and let
H(U) denote the algebra of all complex-valued holomorphic functions on U.
Given A C U and F C H(U), the set Az is defined by

Ar ={z €U :|f(z)| <sup|f] for every f € F}.
A

For each = € U let dy(x) denote the distance from = to the boundary
of U. For each A C U we define dy(A) = infzec 4 dy(z). The open set U is
said to be pseudoconvex if the function — log dy is plurisubharmonic on U.

Let F' be a separable Banach space with the A-bounded approximation
property. By Theorem 1.2 we may identify F' with a 1-complemented sub-
space of a Banach space E with a Schauder basis, whose asymptotic constant
is at most A. Let (7},) denote the sequence of canonical projections in F, and
let ™ be a norm-one projection from F onto F'.

If V is a pseudoconvex open subset of F, then U = 7~ (V) is a pseudo-
convex open subset of £ and U N F =V (see [10, Proposition 37.8|).

Consider the following sequences of open subsets of U:

Aj(U) = {z € U : sup [Ty — 2| < dy(x)},
n>j

By(U) = {x € A(U) : lall < j and d () > 1/5),
Ci(U) = {w € Bj(U) : sup [Ty — 2] < dis (2}

n2j
Let C(U) denote the sequence (C;(U)), and let H,,(C(U)) denote the subal-
gebra of all f € H(U) that are weakly uniformly continuous on each C;(U).
It is a Fréchet algebra for the topology of uniform convergence on the sets
C;(U).

Next consider the following sequence of open subsets of V:
C;(V)=C;,(UNFcUNnF=V.

Let C(V') denote the sequence (C;(V')), and let H,, (C(V')) denote the subal-
gebra of all f € H(V') that are weakly uniformly continuous on each C;(V').
It is a Fréchet algebra for the topology of uniform convergence on the sets
c;(V).

With this terminology we have the following theorem.

THEOREM 2.1. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconvex open subset of E. Then U is the domain of existence
of a function f € Hyu(C(U)).

(b) Let F be a separable Banach space with the bounded approximation
property, and let V be a pseudoconvexr open subset of F. Then V is the
domain of existence of a function g € Hy(C(V)).
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Proof. (a) was proved in [II, Theorem 1.2], and the proof rests on the
following property of the sequence (C;(U)), established in |11, Lemma 1.4]:

(b) The proof of (b) is a straightforward adaptation of the proof of |11
Theorem 1.2], and the proof rests on the following property of the sequence

(C5(V)):
(6) dV(Cj(V)ku(c(V))) >0 for every j.

—

We can readily see that (6) follows from (5). Indeed, if Cj(U)ku(C(U)) +
Bg(0;7) C U, then, since Hyu(C(U)) C Huwu(C(V)), it follows that

— —

Let 0 < a < 1, and let Hawua(U) (resp. Haq(U)) denote the algebra of
all f € H(U) that are weakly uniformly continuous (resp. bounded) on each
ball B(x;r) with z € U and 0 < r < ady(x). It follows from an argument of
Aron and Prolla [I, Lemma 2.2| that Hawud(U) C Haq(U). If the underlying
space is separable, then H,4(U) is a Fréchet space for the topology of uniform
convergence on the balls B(x;r) with x € U and 0 < r < ady(z), and
Heowud(U) is a closed subalgebra of H,q(U). The algebra H,q(U) was studied
by Matos [9] a long time ago, and has recently been rediscovered by Dineen
and Venkova [4] when o = 1. With this terminology we have the following
theorem.

THEOREM 2.2. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconver open subset of E. If o = (3cq)™2, then U is the
domain of ezistence of a function f € Hawua(U).

(b) Let F be a separable Banach space with the A-bounded approximation
property, and let V be a pseudoconvex open subset of F. If 3 = (3)\)~2, then
V' is the domain of existence of a function g € Hgwud(V).

Proof. (a) was proved in [I1, Theorem 1.5], and the proof rests on the
following property of the sequence (C;(U)), established in [I1, Lemma 1.6]:

(7)  For each x € U and 0 < r < (3¢,) " 2dy(z), the ball Bg(z,r) is con-
tained in some C;(U).

If o = (3c,)~2, then it follows from (7) that Hyy(C(U)) € Hawua(U), and
then (a) follows from Theorem 2.1(a).

(b) The proof of (b) is similar. Indeed, it follows from Theorem 1.2 that
¢qo < A, and therefore (7) implies the following:

(8) Foreachy € V and 0 < r < (3)\)~2dy(y), the ball Br(y;r) is con-
tained in some C;(V).
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If B = (3\)72, then it follows from (8) that Hyy(C(V)) C Hgwua(V), and
then (b) follows from Theorem 2.1(b).

THEOREM 2.3. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconvex open subset of E. Let (x),) be a sequence of distinct
points of U such that dy(zp,) — 0. Then there exists f € Hyu(C(U)) such
that | f(xp)| — 0o and f(xp) # f(xq) whenever p # q.

(b) Let F be a separable Banach space with the bounded approximation
property, and let V' be a pseudoconvex open subset of F. Let (y,) be a se-
quence of distinct points of V' such that dy(y,) — 0. Then there exists

g € Hyu(C(V)) such that |g(yp)| — oo and g(yp) # g(yq) whenever p # q.

Proof. (a) was proved in [I1, Theorem 2.1|, and the proof rests on prop-
erty (5) of the sequence (C;(U)).

(b) The proof of (b) is a straightforward adaptation of the proof of |11}
Theorem 2.1|, and rests on property (6) of (C;(V)).

THEOREM 2.4. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconvex open subset of E. Let (x),) be a sequence of distinct
points of U such that dy(z,) — 0. If o = (3¢,) ™2, then there exists f €
Howud(U) such that | f(xp)| — oo and f(zp) # f(xq) whenever p # q.

(b) Let F be a separable Banach space with the A-bounded approximation
property, and let V be a pseudoconvex open subset of F'. Let (y,) be a sequence
of distinct points of V such that dy (y,) — 0. If 8 = (3\) ™2, then there exists

9 € Hpwud(V') such that |g(y,)| — oo and g(yp) # 9(yq) whenever p # q.

Proof. (a) was proved in [II, Theorem 2.3]. Actually, it follows from
property (7) of the sequence (C;(U)) that Hyu(C(U)) C Hawua(U), and
then (a) follows from Theorem 2.3(a).

(b) Likewise, it follows from property (8) of the sequence (C;(V')) that
Huwu(C(V)) C Hpwua(V), and then (b) follows from Theorem 2.3(b).

If G is a Banach space, then the space Hawua(U; G) is defined in the
obvious way.

THEOREM 2.5. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconvex open subset of E. Let (x),) be a sequence of distinct
points of U such that dy(zp) — 0, and let (2,) be an arbitrary sequence in
a Banach space G. If a = (3c,)™2, then there exists f € Howua(U; G) such
that f(xp) = z, for every p.

(b) Let F be a separable Banach space with the \-bounded approxima-
tion property, and let V' be a pseudoconvex open subset of F. Let (yp,) be a
sequence of distinct points of V' such that dy(y,) — 0, and let (2,) be an
arbitrary sequence in a Banach space G. If 3 = (3\)72, then there exists
9 € Hpuwud(V; G) such that g(yp) = zp for every p.
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Proof. (a) was proved in [I1, Theorem 2.6]. Actually, it follows from
Theorem 2.4(a) and |11, Lemma 2.5].
(b) Likewise (b) follows from Theorem 2.4(b) and [I1, Lemma 2.5].

7o denotes the compact-open topology on H(U).

THEOREM 2.6. (a) Let E be a Banach space with a Schauder basis, and
let U be a pseudoconvex open subset of E. If a = (3cq) ™2, then Hawua(U) is
sequentially dense in (H(U), ).

(b) Let F be a separable Banach space with the A\-bounded approximation
property, and let V be a pseudoconvex open subset of F. If 3 = (3)\)~2, then
Hpwud(V) is sequentially dense in (H(V'),70).

Proof. (a) was proved in a more general form in [I1, Theorem 3.2].

(b) By Theorem 1.2 we may identify F' with a 1-complemented subspace
of a Banach space FF with a Schauder basis, with ¢, < A. Let m be a norm-
one projection from E onto F, and let U = 7~ (V). If ¢ € H(V), then
gom € H(U). By (a) there is a sequence (f,,) C Hawud(U) which converges
to gom in (H(U), 7). If we define g, = f,|[UNF = f,|V, then it follows
that (gn) C Hawuwa(V) and (gy,) converges to g in (H(V'), 79). Since ¢, < A,
it follows that 8 < «, and the proof is complete.

In a similar manner we could extend other results from [I1] to the realm
of separable Banach spaces with the bounded approximation property.
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