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Compact homomorphisms between uniform
Fréchet algebras
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Abstract. We study compact homomorphisms between uniform Fréchet algebras,
by analyzing the behavior of its spectral adjoint on the underlying spectrum. We prove
that every compact homomorphism between uniform Fréchet algebras actually ranges
into a uniform Banach algebra, and that its spectral adjoint maps tr-bounded subsets into
relatively T-compact subsets, when t is the strong or the compact-open topology.
Keywords: uniform Fréchet algebra, compact homomorphism, spectral adjoint, point-
wise bounded homomorphism.

Mathematical subject classification: Primary: 46E25; Secondary: 46J10.

1 Introduction

In this article we study compact homomorphisms between abstract uniform
Fréchet algebras. Homomorphisms between such algebras behave as compo-
sition operators, under a induced map called spectral adjoint. In this sense, we
investigate such homomorphisms by analysing its behavior on the underlying
spectra. For this purpose we introduce an intermediate class of homomorphisms,
known as pointwise bounded homomorphisms. We show that every pointwise
bounded homomorphism between uniform Fréchet algebras actually ranges into
a uniform Banach algebra and is continuous, generalizing a result of [5].

Let A and B be uniform Banach algebras, with spectra M4 and Mg, respec-
tively,and let T : A — B be a homomorphism. In 1997, U. Klein [10] proved
that 7' is compact if, and only if, its spectral adjoint g7 : My —> M, maps Mp
into a norm-relatively compact subset of M4. In this article, we prove a related
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result for uniform Fréchet algebras. More specifically, when A and B are uni-
form Fréchet algebras, then M4 (and also M) is hemicompact, and then we can
write My = |,y Kn (and Mg = |, iy Li), When (K,),en (and also (L) en)
is a fundamental sequence of compact subsets of M, (respectively Mp). One of
our main results shows thatif 7 : A —> B is compact, then its spectral adjoint
maps each L, into a relatively t-compact subset of some K, for all n € N,
when 7 is the strong or the compact-open topology.

For the reader who is not familiar with the theory of uniform algebras, we
recall some properties of such algebras in Section 2, and give some examples.
In Section 3, the results of the article are presented. These results are part of the
doctoral thesis of C. Nachtigall, supervised by D.M. Vieira.

2 Preliminaires

Let X be a topological Hausdorff space. We say that X is a k-space if a set
A C X is closed whenever A N K is closed in K, for each compact subset K
of X. We say that X is hemicompact if there is a sequence (K,),cn of compact
subsets of X such that each compact subset of X is contained in some K,. We
refer to [9] for more information about these concepts.

In this section we recall some important properties of uniform Fréchet algebras
that will be convenient throughout the article. All the information bellow can be
found in [6].

Throughout this paper, we only consider associative and commutative algebras
A over the field of complex numbers, having identity denoted by e,. If A and
B are algebras, then a mapping 7 : A —> B is called a homomorphismif T is
linear and multiplicative.

A Banach algebra (B-algebra) is an algebra A, which is a Banach space and
the norm satisfies: (1) || fgll < || fllllgll, forall f, g € A; and (ii) |lea]l = 1. A
Fréchet algebra (F-algebra) is a complete topological algebra, whose topology
is generated by a sequence (p,),en of seminorms on A satisfying: (i) p,(fg) <
Pu(f)pn(g), (1) pues) = 1 and (iii) py(f) < pp1(f), forall f, ¢ € A and
for all n € N. This definition of F-algebra is often written as a locally m-convex
unital Fréchet algebra. It is clear that evey B-algebra is a F-algebra.

If A is a F-algebra, we define the spectrum M, of A to be the set of all
nonzero complex-valued and continuous homomorphisms ¢ : A —> C. For
each f € A, we set f: M, — C by f((p) = @(f), for every ¢ € M.
The function fis called the Gelfand transform of f. We endow M, with the
Gelfand topology, the coarsest topology on M4 such that all Gelfand transforms
are continuous on M4. If A is a B-algebra, then M, is compact, and if A is a
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F-algebra, then M, is hemicompact. We denote A= {f : f e A},and Aisa
subalgebra of C(M4). We alsodefine 'y : A —> Aby [4(f) = f. Then 4
is a homomorphism of algebras and is called Gelfand transformation.

A Banach algebra A is called a uniform Banach algebra (uB-algebra), if
its norm satisfies || f2|| = || f]|*, for all f € A. A Fréchet algebra A is called a
uniform Fréchet algebra (uF-algebra), if its defining sequence of seminorms
(pn)n satisfies p,(f2) = p,(f)? forall f € Aandn e N. If A is a uB-algebra,
then 4 is an isometry, and if A is a uF-algebra, then I' 4 is a topological algebra
isomorphism. If A is a uF-algebra, then Ais a closed subalgebra of C(M,) that
separates points and contains all the constants.

Another important property of uF-algebras is the following. Let A be a uF-
algebra. Then there exists a sequence of uB-algebras (A, ),en, such that A is the
projective limit of (A,),cn, With a canonical mapping 7, : A — A,, which
is a continuous homomorphism. If My, is the spectrum of A,, and 7, denotes
the transpose of m,, then we can write My = U,cn7, (My,), and we denote
K, = m,(My,), for each n € N. Then M, is hemicompact, and each compact
subset of M, is contained in some K,,. (See [6, 3.3.6]).

Let A and B be uF-algebras, and consider 7 : A —> B a continuous homo-
morphism. The spectral adjoint of T is the (continuous) mapping g7 : Mp —>
M, given by gr(¢) = ¢ o T, forall ¢ € Mp. The spectral adjoint g7 induces a
continuous homomorphism? :A— B given by T(f) = fo gr, forall fe A
Since f(f) = 7{(?), we have that the following diagram is commutative:

T ey

—
— ™

T
E—d
Ca
T
E—d

=)
&)

Thatis, 7 oy =TpoT.
Next we present some examples of uF-algebras.

Examples 2.1.

(a) Let X be a compact Hausdorff topological space. Then C(X), the set of
all continuous functions f : X — C is a uB-algebra, with the sup
norm. Moreover, A is a uB-algebra if, and only if, there exists a com-
pact Hausdorff topological space X such that A is isometric to a closed
pointseparating subalgebra of C(X), see [6, 4.1.1].

(b) Every uB-algebra is a uF-algebra.
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(c) Let X be a Hausdorff topological space. If X is a hemicompact k-space,
then C(X) is a uF-algebra. Moreover, A is a uF-algebra if, and only if,
there exists a hemicompact space X such that A is topologically isomorphic
to a complete pointseparating subalgebra of C(X), see [6, 4.1.3, 4.1.4].

(d) uF-algebras of holomorphic functions. Let U be an open subset of a
Banach space E, and let U, = {x € U : |x|| < n, dy(x) > %},
for each n € N. Let H,(U) be the algebra of all holomorphic functions
f : U —> C that are bounded on each U,, endowed with the topology
of the uniform convergence on the sets U,,. Then H,(U) is a uF-algebra.
Since E' C H,(U), My, ) can be naturally projected into E”, the bidual
of E, by the mapping 7 (¢) = ¢|g, forall¢ € My, ;). When U is convex

and balanced, then 7(My,w)) = U,y U," | (see [2, Proposition 18] for
instance), where w* denotes de weak-star topology in E”. Other examples
of uF-algebras of holomorphic functions on U are: H,,,(U), the algebra
of all holomorphic functions f : U — C that are weakly uniformly
continuous on each U,,, endowed with the topology of the uniform conver-
gence on the sets U,. And if U is an open subset of E’, we also have that
H,+,(U), the algebra of all holomorphic functions f : U —> C that are
weak*-uniformly continuous on each U, is a uF-algebra, endowed with
the topology the uniform convergence on the sets U,,. The algebras H, (U ),
H,,(U)and H,+,(U) have been studied, forinstance,in[1,2,4,5,11, 14].
If E is separable, then H;(U), the algebra of all holomorphic functions
f : U —> C that are bounded on balls strictly contained in U is a uF-
algebra, when endowed with the topology of the uniform convergence over
these balls. The algebra H;(U) is studied in [3, 12].

3 The results

In this section we define an intermediate classe of homomorphisms between
uF-algebras that will help us to obtain our results for compact homomorphisms.
These homomorphisms are called pointwise bounded, and every compact ho-
momorphism is pointwise bounded. We will show that every pointwise bounded
homomorphism between uF-algebras is continuous and ranges into a uB-algebra.
One of the main results of this section shows that if A and B are uF-algebras
and a homomorphism 77 : A — B is compact, then its spectral adjoint gr
maps t-bounded subsets into relatively T-compact subsets, when 7 is the strong
or the compact-open topology.

Bull Braz Math Soc, Vol. 47, N. 3, 2016



COMPACT HOMOMORPHISMS BETWEEN UNIFORM FRECHET ALGEBRAS 857

We begin with some definitions. We observe that Definition 3.1(b) is inspired
by [5], where it is defined when B = H,,(U), cf. Examples 2.1(d).

Definitions 3.1. Let A and B be uF-algebras spaces andlet T : A — B be a
homomorphism.

(a) We say that T is compact if there exists a neighborhood of zero V. .C A
such that T (V) is relatively compact in B.

(b) We say that T is pointwise bounded if there exists a neighborhood of zero
V C A such that, for each v € Mg, the set {Y(T(f)) : f € V}is
bounded in C.

Remark 3.2. It is not difficult to see that every compact homomorphism is
pointwise bounded. An example of a pointwise bounded homomorphism that is
not compact will be given after Theorem 3.5.

Next theorem is an important property of pointwise bounded homomorphisms,
and it is a generalization of [5, Theorem 2.1]. In [5], the authors show the result
when B = H,(U), cf. Examples 2.1(d).

Theorem 3.3. Let A and B be uF-algebras, andlet T : A —> B be a pointwise
bounded homomorphism. Then T is continuous and T (A) C D, where D is a
uB-algebra, which is a sub-algebra of B.

Proof. LetV C A beaneighborhood of the origin such that, foreach v € Mp,
there exists ¢y, > 0 such that [ (T (f))| < cy, forall f € V. Without loss of
generality, we may assume that V -V C V and then V" C V, Vn € N. Then
we have that

(@D =T ("D =cy, VneN, VfeV.

This 1mphes that |[Y(T(f)| < 1,V e M B Vf € V, or equivalently that
SUPy e, |T(f)(1p)| <1, Vf € V. Therefore T is bounded. Since A and B are
uF- algebras we have by (1) that T = I'poT o(I'y)"!is, in particular, linear
and hence T is continuous. By (1) again, it follows that 7" is continous.

On the other hand, since V is an absorbing set, for each f € A, there exists

— 1
6 > Osuchthat§f C V. Then |[T(f)(y)| < 3 for all » € Mp. This shows that
7"\(74\) C Cp,(Mp) N §, where C,(Mp) denotes the uB-algebra of all continous

and bounded functions on Mg, endowed with the sup norm on Mg. We observe
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that C,(Mp) N Bisa uB-algebra under this norm. Indeed, if we write Mg =
UnenLy, and if we take a Cauchy sequence (g;) in C,(Mp) N B, then we can
find G € C,(M,) and g € B such that

sup [8x(¥) — G(¥)| —> O and sup [ (¥) — §(¥)| —> 0, foreachn € N.
veMp yeLy

It turns out that sup,,.; |G(¥) — g(1)| = 0foreachn € N. Then G = ¢ € B
and hence C;,(Mpg) N B is complete under the sup norm.

If we denote by D = {g € B : § € C,(Mg) N B} = (I'p)"(C,(Mg) N B),
then it is not difficult to see that D is a uB-algebra when endowed with the norm
llgll = llgll, forall g € D, and that T(A) C D. U

Now we set notation that will be used in the next result. Let A be a uF-algebra
and let M4 = U, K, be its spectrum. For each n € N, we denote:

@Dr=w6MA:quzﬁwnsﬁmﬂwfem.

Theorem 3.4. Let A be a uF-algebra with spectrum M, = U,Nn K, and let B
be a uF-algebra. For a continuous homomorphism T : A — B, the following
conditions are equivalent:

(a) T is pointwise bounded;

(b) there exists ny € N such that gr(Mp) C (I/(,,\O)A.

(c) gr(Mp) is relatively compact in M 4;

Proof. (a) = (b) Proceeding as in the proof of Theorem 3.3, we can find
a neighborhood of the origin V' C A such that [Y(T(f))| < 1, V¥ € Mp
and Vf € V. Without loss of generality, we may assume that V = {f € A :

P (f) = SUPek,, lo(f)] < a}, forsome 0 < a < 1 and some ny € N.

Let us suppose that there exists v € Mg such that gr (1) ¢ (7(\,,0) 4~ Then we
can find f € A and 0 < ¢ < 1 such that

(T () > 1>c>suplfl.

Kno

Taking m € N such that ¢" < a, it follows that

A ~ m
sup|f™"| = (sup|f])" <" <a,
Kll() Kll()
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which shows that " € V.

On the other hand, we have that |y (T (f))| > 1 and hence |V (T (f™))| > 1,
which is a contradiction. Then (b) follows.

(b) = (c) By [6, 43.3.], we have that each (K,,)
follows.

(c¢) = (a) Since M 4 is hemicompact, there exists ny € N such that g7 (Mp) C
K,,. Consider the neighborhood of zero V. = {f € A : p,,(f) < 1}. Given

f € Vand ¢ € Mg, we have that |p(T (/)| = [(¢ o T)(N] = Igr(@)(f)] =
Supg, | f| < 1. Therefore T (V) is pointwise bounded. U

4 1s compact. Then (c)

Given a uF-algebra A, it is clear that M, is a subset of A’, where A’ denotes
the topological dual space of the Fréchet space A. For instance, we observe that
the weak-star topology o (A’, A) of A"induced in M4 coincides with the Gelfand
topology, the usual topology considered in M 4. Let 7y denote the compact-open
topology in A’, and let 75 denote the strong topology in A’. In the sequel, for
T = Tp or T = T, when we write (M4, T) we are considering the T-topology
induced in M4 by A’.

The next two results, Theorems 3.5 and 3.7 are the main results of this article.
They provide some properties of the spectral adjoint g7 : (Mp, ) —> (M4, T),
when T : A — B is a compact homomorphism of uF-algebras, for t = 1 or
T = 14. In Theorem 3.5, we show that g7 maps each 7y (or 74) bounded subset
of Mp into a 7y (or 1p) relatively compact subset of M,. In Theorem 3.7, we
strengthen this result, by showing that g7(L,) is a 7o (or 7) relatively compact
subset of some K, forall n € N.

Theorem 3.5. Let A and B be uF-algebras, and let T : A —> B be a compact
homomorphism.

(a) If L C Mp is ty-bounded, then gr(L) is a ty-relatively compact subset of
(M4, ).

(b) If L C Mgy is tg-bounded, then g (L) is a tg-relatively compact subset of
(My, Tﬂ)~

Proof. (a) Since T : A —> B is compact, it follows by [7, Prop. V.2.1]
thatits adjoint 77 : (B’, 79) —> (A’, 19) is compact. Let V be a 7p-neighborhood
of zero in B’ such that T'(V) is a ty-relatively compact subset of (A’ 1p).
Since L is tp-bounded, there exists A > 0 such that L C AV. Then g7(L) =
T’y (L) C AT'(V),and then g7 (L) is a 7p-relatively compact subset of (A’ 79).
On the other hand, T is pointwise bounded by Lemma 3.2, and hence g7 (Mp) is
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relatively compactin M 4, by Theorem 3.4. Now g7 (L) Y gr(L) C gr(Mp) C
M 4, where the last closure is considered in the Gelfand topology. We conclude
that gT(L)TO is a ty-compact subset of (M4, 19).

(b) To show the statement for T = 7, the same proof of (a) applies, by using
[7, Exerc. IV.2.4] instead of [7, Prop. V.2.1]. |

Example 3.6. Let E = T’ be the original Tsirelson’s space ([13]). Then
Mpy, B,y = 8(Bg), where By denotes the open unit ball in E and é denotes the
evaluation mapping. (See, for instance, [11]). If we consider T : H,(Bg) —>
Hy(Bg) givenby T(f)(x) = f(5),forall f € H,(Bg) and for all x € Bg, then
gr : 8(Bg) —> 8(Bg) is given by g(8(x)) = 8(5). Then it follows that 7' is
pointwise bounded by Theorem 3.4 but not compact by Theorem 3.5.

Theorem 3.7. Let A and B be uF-algebras, with spectra My = U,cnK,, and
Mp = U,cn L, respectively. Let T : A —> B be a compact homomorphism.
Then there exists ng € N such that:

(a) gr(Ly) is a vy-relatively compact subset of (K,,, o), for alln € N;

(b) gr(L,) is a tg-relatively compact subset of (K, tg), for alln € N.

Proof. (a) We know that B is a projective limit of a sequence of uB-algebras
(Bu)nen [6, 3.3.7 and 4.1.5], with a canonical mapping 7, : B —> B, such
that L, = m(Mp,). Since m, is continuous, we have that its adjoint 7, :
(B, ©0) —> (B’, 19) is continuous, see [8, Prop. 3.12.7]. And since Mp, is
a subset of the unit ball of the Banach space B;,, we get that L, is tp-bounded.
By Theorem 3.5(a), it follows that g7 (L,) is a tp-relatively compact subset of
(My, 19). Since T is pointwise bounded by Lemma 3.2, it follows by Theo-
rem 3.4(c), that there exists ny € N such that g7 (Mp) C K,,,. Now: gT(L,,)TO C
gr(L,) C K,,, and the statement follows.

(b) To show the statement for T = 7, the same proof of (a) applies, by using
[8, Corollary of Prop. 3.12.3] instead of [8, Prop. 3.12.7], and by using Theo-
rem 3.5(b) instead of Theorem 3.5(a). U

In [10], the author shows that if A and B are uB-algebras, then 7 : A — B
is compact if, and only if, g7 maps My into a norm-relatively compact subset
of M,. If Ais auF-algebra and B is a uB-algebra, then Mp is Tg-bounded. So,
in this case, if T : A — B is a compact homomorphism, then it follows by
Theorem 3.5 that g(Mp) is a tg-relatively compact subset of (M4, 75). But we
don’t know if this is a sufficient condition for 7' to be compact.
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