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ABSTRACT

We prove that two domains of holomorphy U and V in separable Fréchet spaces
with the bounded approximation property are biholomorphically equivalent if and
only if the topological algebras (H(U),7) and (H(V),7) are topologically isomor-
phic for 7 = 79, 7, 75. We prove also that given two absolutely convex open subsets
U and V of Tsirelson-like spaces, the algebras of holomorphic functions of bounded
type Hp(U) and H, (V) are topologically isomorphic if and only if there is a biholo-
morphic mapping of a special type between U and V. We obtain similar results for
algebras of holomorphic germs H(K) and H(L), where K and L are two compact
subsets of Tsirelson-like spaces.

Introduction

In [3], S. Banach proved that two compact metric spaces X and Y are homeomorphic
if and only if the Banach algebras C(X) and C(Y") are isometrically isomorphic. M.H.
Stone, in [35], generalised this result to arbitrary compact Hausdorff topological
spaces, the well-known Banach-Stone theorem.

Let E and F be locally convex spaces, U C E and V C F open subsets. Consider
H(U) the algebra of all holomorphic functions f : U — C, and likewise H(V'). The
main objective of the present work is to compare the relations between the open
sets U and V and those between the topological algebras (H(U), ) and (H(V), 1),
when 7 is 79, 7, or 75, (or even between the Fréchet algebras Hy,(U) and Hp(V)).

In Section 1 we prove that when E and F are Fréchet spaces with the approxi-
mation property and U C E and V C F' are absolutely convex open subsets, then
U and V are biholomorphically equivalent if and only if the algebras (H(U), )
and (H(V),7) are topologically isomorphic, for 7 = 79, 7, and 75. In Section 2,
we have a similar result for polynomially convex open sets, and in Section 3, we
obtain similar results for pseudoconvex domains. However, in the case of Section
3, when the geometric properties of the open sets U and V' are weaker, we need
stronger properties on the locally convex spaces F and F', namely, they need to be
Fréchet spaces with the bounded approximation property. We give counterexamples
showing that the hypotheses on the Fréchet spaces and the open subsets cannot be
omitted.

In Section 4, if E and F' are Tsirelson-like spaces and U C F and V C F are
convex and balanced open subsets, we also prove that there is a special type of
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biholomorphic mapping between U and V' if and only if the Fréchet algebras H;(U)
and H;(V) are topologically isomorphic. In Section 5, we have similar results for
algebras of holomorphic germs in Tsirelson-like spaces. We prove that if K and
L are convex and balanced compact subspaces of Tsirelson-like spaces E and F,
respectively, then K and L are biholomorphically equivalent if and only if the
algebras of germs H(K) and H(L) are topologically isomorphic.

We refer to [15] or [27] for background information on infinite dimensional com-
plex analysis.

1. Holomorphic functions on absolutely convex domains

Let E and F be locally convex spaces, and U C E an open subset. Let H(U, F)
denote the vector space of all holomorphic mappings f : U — F. When F = C,
we write H(U) instead of H(U,C), and in this case H(U) is an algebra. Let us
now endow the algebra H(U) with one of its natural topologies, 7. The problem of
characterising the spectra of such algebras has been considered by many authors,
in particular by J.M. Isidro in [19] and by J. Mujica in [24; 25; 26]. Their results
are crucial for the main theorem of this section.

Let z € U. The mapping 9§, : H(U) — C defined by 6.(f) = f(2), for all f €
H(U), will denote the evaluation at z. It is clear that J, is a complex homomorphism
of H(U). Let ¢ € H(V, E) such that ¢(V) C U. The mapping C,, : H(U) — H(V)
given by Cy(f) = foy, for all f € H(U), is called a composition operator. It is clear
that C, is a homomorphism between the algebras H(U) and H(V'). We will denote
by 7o the topology on H(U) of the uniform convergence on the compact subsets of
U. 7, will denote the topology on H(U) defined by the family of the seminorms
that are ported by compact subsets of U, and we will denote by 75 the bornological
topology on H(U). We have that each evaluation and each composition operator
are continuous, for 7 = 19, 7, 7s.

Throughout this paper we will often use the next lemma. This lemma is an
immediate consequence of the Chain Rule, when F and F' are normed spaces, but
a separate proof is needed when E and F' are locally convex spaces.

Lemma 1. Let E and F' be Hausdorff locally convex spaces, U C E and V C F
be open subsets. Let f € H(U;F), g € H(V,E) such that g(V) C U and f o
g : V. — F s the inclusion mapping. Then F is topologically isomorphic to a
complemented subspace of E. If f : U — V is bijective and g = f~!, then E and
F are topologically isomorphic.

PROOF. Let f: U — F and g : V — U such that f(g(w)) = w, for all w € V.
Letbe V,a=g(b) € Uand f(a) = f(g(b)) =b e V.Let P" = P"f(a) € P("E; F)
and Q™ = QMg(b) € P(™F; E) be the Taylor polynomials of f at a and of g at b,
respectively, for all n,m € N. We will show that P! o Q' : F — F is the identity
operator, and then conclude that F'is topologically isomorphic to a complemented
subspace of E. Let us denote
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fulz) = E Pi(x —a) forallz € E,neN, and ¢,,(y) = E Qj(y —b),
i=0 =0
forally € F, meN.

Let Uy C F be a convex and balanced neighborhood of zero such that a+Uy C U.
Then there exists Vj C F, a convex and balanced neighborhood of zero such that
b+ Vo CVand g(b+1t) € a+ %Uo, for all t € V. Let t € Vj be fixed. We will
show that f,,(gn(b+ At)) — f(g(b+ At)) uniformly for |A| < 1. This means that
for each continuous seminorm 3 € cs(F):

nh_)rrgo B(fr(gn(d+ At)) — f(g(b+ At))) = 0, uniformly for |A| < 1. (1.1)

Let 8 € ¢s(F) and € > 0 be fixed. Since L = {b+ At : |A\| < 1} is a compact subset
of b+ Vg, it follows by [4, proposition 27.2] that there exists n; € N such that
gm(v) — g(v) € 3Uo, for all m > ny and v € L. Since g(L) C a + Uy, it follows
that g,,(v) € a+ Uy, for all m > n; and v € L. Since K = {g,,(v) : m > nq, v €
L} Ug(L) is a compact subset of a + Uy, it follows by [4, proposition 27.2] that
there exists ny € N such that 3(f,(u) — f(u)) < § for all n > ny and u € K. In
particular,

€
B(fr(gm@®)) — flgm(v))) < 2 for all n > ny, m > nq, v € L.
Since f|x : K — F is uniformly continuous and (g, )m>n, converges to g uni-
formly over L, it is not difficult to see that f o g,, converges to f o g, uniformly over
L. Then, there exists ng € N (n3 > ny) such that

B(f(gm() — flg(v))) < %, for all m > ns3, v € L.
Let ng = max{ni,n2,ns} and n > ng. Then B(f,(gn(v)) — f(g(v))) < € uniformly
for v € L, proving (1.1).
For each n € Nand y € F, we have that f,,(g,(y)) = b+PH(Q*(y—b))+Sn(y—b),
where S, : F' — F'is a finite sum of homogeneous polynomials of degree > 2. Then
it follows by (1.1) that

Tim AP Q1 (M) = M| + S, (M) =0,
uniformly for |[A] < 1, for all § € cs(F). Since {S,(At) : n € N, |\ < 1} U{A(t —
PLQY(t))) : |A| <1} is a compact subset of F, it follows that for each 3 € cs(F)
fixed, there exists Cy g = Cy > 0 such that 8(S,(At)) < Cy, for allm € N, |A] < 1.
And since ¢ — S, ((t) is a holomorphic mapping of one variable, for |(| < 1, it
follows by the Schwarz Lemma that $(S,,((t)) < [¢|?Cy, forall || < 1,n € N.
Hence

Bt = PHQ'(1) = lim g(sné@)

n—00

) < [¢|Cy, forall 0 < [¢| < 1.
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Now, letting ¢ — 0, we have that B(t — P*(Q'(¢))) = 0, for all 3 € cs(F) and
t € V. Hence PY(Q(t)) =t for all t € F. If f is bijective and g = f~1, by the
same arguments we show that also Q' o P! : E — E is the identity operator. W

Let E and F be locally convex spaces. We say that two open subsets U C E
and V C F are biholomorphically equivalent if there exists a mapping ¢ : V — U
that is biholomorphic, that is, ¢ : V' — U is a bijection, and both ¢ and ¢~ are
holomorphic.

Now we are ready to prove the main result of this section.

Theorem 2. Let E and F be Fréchet spaces, one of them with the approximation
property, and U C E and V C F be convex and balanced open subsets. Consider
the following conditions:

(1) U and V are biholomorphically equivalent.

(2) The algebras (H(U), 1) and (H(V),70) are topologically isomorphic;
(3) the algebras (H(U),1.) and (H(V),1,) are topologically isomorphic;
(4) the algebras (H(U),7s) and (H(V),7s) are topologically isomorphic.

Then (1), (2) and (3) are equivalent and they imply (4). If E or F is separable then
(1) — (4) are equivalent.

PROOF. (1) = (2) Let ¢ : V. — U be a biholomorphic mapping. Then the com-
position operator Cy, : H(U) — H(V') is a topological isomorphism between H(U)
and H(V).

(2) = (1) (a) We suppose initially that £ and F' both have the approximation
property. Let T : (H(U),79) — (H(V),70) be a topological isomorphism. For
each w € V we have that §, o T : (H(U),70) — C is a continuous complex
homomorphism of (H(U), 7). By [19, proposition 4 |, there exists a unique z € U
such that 6, 0T = d0,. We define ¢ : V — U by p(w) = z and show that ¢ is
holomorphic. We have that

(0w o T)(f) = f(2) = f(e(w)), for all w € V and f € H(U),

that is, T'(f)(w) = f(p(w)), for all w € V and f € H(U). Then T(f) = f o ¢, for
all f e H(U).

In particular we have that T(f) = fop € H(U), for all f € E’, that is, ¢ is
w-holomorphic and consequently holomorphic, by [15, proposition 3.21]. Therefore
T=0C,.

The same argument yields the existence of a mapping ¢ € H(U, F') with ¢(U) C
V such that 77! = Cy. Then Id = C, 0 Cyy = Cyoy, that is, g = g o1 o ¢, for
all g € H(V) and in particular for all g € F’. By the Hahn-Banach Theorem, we
conclude that ¥ o ¢ = id, and by the same arguments we have that ¢ o) = id.
Then ¢ is bijective and ¢~ = ¢ € H(U, F), and therefore ¢ is biholomorphic.

(b) We suppose now that E has the approximation property and prove that F’
has the approximation property. Let ¢ be the holomorphic mapping constructed in
part (a). For each z € U we have that 6, o T~!: (H(V),79) — C is a continuous
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complex homomorphism. By the Mackey-Arens Theorem, there exists a unique
w € F such that §,0T 1 = §,,. We define w = 9)(z), for all z € U and then we have
that T~1(g) = got for all g € F’, which shows that 1 is holomorphic. We also have
that g = go o for all g € F’, and then ¢y o : V — V is the identity mapping.
Applying Lemma 1, we have that F' is topologically isomorphic to a complemented
subspace of F, and then F' has the approximation property. Now the conclusion
follows from part (a).

(1) = (3) Apply the same arguments used in (1) = (2).

(3) = (1) By [19, proposition 4], we have that S(H(U),70) = S(H(U),7.) = U.
Then apply the same arguments used in (2) = (1).

(1) = (4) Apply the same arguments used in (1) = (2).

(4) = (1) If E and F are both separable, we may use [25, theorem 3.1] and the same
arguments of (2) = (1). If E is separable, the argument of the proof of (2) = (1),
part (b), shows that F is separable as well. M

An examination of the proof of Theorem 2 shows that the equivalence of (1), (2)
and (3) is valid for a larger class of quasi-complete locally convex spaces, the holo-
morphically Mackey spaces. We say that a locally convex space E' is holomorphically
Mackey if for every open subset U of E we have that H(U, F) = H(U, F,), where
F, = (F,o(F, F")), for all complete Hausdorff locally convex space F', which means
that every w-holomorphic mapping in U is holomorphic. Thus we have the following
theorem:

Theorem 3. Let E and F be quasi-complete holomorphically Mackey spaces, one
of them with the approzimation property, and U C E and V C F be convexr and
balanced open subsets. Then the following conditions are equivalent:

(1) U and V are biholomorphically equivalent;
(2) the algebras (H(U),10) and (H(V), 7o) are topologically isomorphic;
(3) the algebras (H(U), 1) and (H(V'),7.) are topologically isomorphic.

In [5], J. Barroso, M. Matos and L. Nachbin show that every Fréchet space and
every DFS-space is holomorphically Mackey, and in [12, corollary 10], S. Dineen
shows that every DF M-space is holomorphically Mackey. For other examples of
holomorphically Mackey spaces we refer to S. Dineen [14], J. Bonet et al. [7] and P.
Pérez Carrera and J. Bonet [31, chapter 12].

Example 4. We give an example showing that the hypotheses of holomorphically
Mackey in Theorem 3 cannot be omitted. If A is an uncountable set, we consider
Co(A) the set of all functions f : A — C such that for every ¢ > 0 there exists a
finite subset of A, A(e) such that

sup |f(a)] <e.
acA\A(e)

We consider two topologies on Cy(A), one of them being the topology defined by
the sup norm, and the other the projective topology with respect to the projections
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Co(A) — Co(B), where B varies over the countable subsets of A. These two topo-
logical vector spaces has been considered in [13; 20; 30]. By Co(A) we mean Cy(A)
endowed with the norm, and by Cy ,(A) we mean Cy(A) endowed by the projective
topology. It is well known that Co(A) is a Banach space with the approximation
property. In [20, §4, main proposition], Josefson shows that H(Co(A)) = H(Cop(A4)).
Moreover, Noverraz shows in [30] that (H(Co(A)),7) = (H(Cop(A)),7), for 7 =
70, Tw, Ts. However, if Co(A) and Cp ,(A) are biholomorphically equivalent, then by
Lemma 1 it follows that Co(A) and Co,(A) are topologically isomorphic, which is
not true since Cy(A) is a Banach space but Co ,(A) is not even a Fréchet space. Fi-
nally, we show that Cp ,(A) is not holomorphically Mackey. In fact, for f € Co(A),
we have that f € H(Co(A)) = H(Cop(A)), that is, f = fold: Cyp(A) — Cis
holomorphic, but Id : Cy,(A) — Co(A) is not holomorphic, since it is not even
continuous. Therefore Cy ,(A) is not holomorphically Mackey.

From the main theorem of [21] and Theorem 2 we have the following corollary:

Corollary 5. Let E and F' be Banach spaces, one of them with the approximation
property. Consider the following conditions:

(1) E and F are isometrically isomorphic;

(2) Bg and Bp are biholomorphically equivalent;

(3) the algebras (H(BEg), 1) and (H(Br), 7o) are topologically isomorphic;
(4) the algebras (H(Bg), 1) and (H(BF),T,) are topologically isomorphic;
(5) the algebras (H(Bg),7s) and (H(BFr),Ts) are topologically isomorphic.

Then (1), (2), (3) and (4) are equivalent and imply (5). If E' or F is separable, then
(1) — (5) are equivalent.

Let E and F be Banach spaces. We say that two open subsets U C F and V C F
are linearly equivalent if there exists a topological isomorphism ¢ : E — F such
that (U) =V.

Let us now suppose that U is a convex, balanced and bounded open subset of
a Banach space E. Then the space

EU: UTLU,

neN

normed by the Minkowski functional of U, is a Banach space with open unit ball U.
Furthermore, Ey; = E and the identity mapping Fy — F is a topological isomor-
phism. Then we have the following corollary, which is a consequence of Corollary
5.

Corollary 6. Let E and F be Banach spaces, one of them with the approximation
property and U C E and V C F be convex, balanced and bounded open subsets.
Consider the following conditions:

(1) U and V are linearly equivalent;
(2) U and V are biholomorphically equivalent;
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(3) the algebras (H(U), 1) and (H(V'), 1) are topologically isomorphic;
(4) the algebras (H(U),1,) and (H(V),7,) are topologically isomorphic;
(5) the algebras (H(U),1s5) and (H(V'),7s) are topologically isomorphic.

Then (1), (2), (3) and (4) are equivalent and imply (5). If E or F is separable, then
(1) — (5) are equivalent.

2. Holomorphic functions on polynomially convex domains

In Section 1 we saw that once the spectra of the topological algebra (H(U),7) is
identified with U ([19, proposition 4] and [25, theorem 3.1]), then we can prove
Theorem 2. In this and in the next section, we will be able to generalise Theorem 2
to more general open sets, as soon as we have results on the spectra of the respective
algebras of holomorphic functions. In this section we prove results for polynomially
convex open sets. We say that an open subset U of a locally convex space E is
polynomially convexr if Kpgy NU is compact for each compact set K C U. Here

IA(p(E) denotes the set
{x € E : |P(z)] <sup|P|, forall P € P(E)}
K

Using [26, theorem 5.5] and [25, theorem 4.1], both due to J. Mujica, we have
the following theorem, whose proof is similar to the proof of Theorem 2.

Theorem 7. Let E and F be Fréchet spaces, one of them with the approximation
property and U C E and V C F be polynomially convex open subsets. Consider the
following conditions:

(1) U and V are biholomorphically equivalent;

(2) the algebras (H(U), 1), and (H(V'), 7o) are topologically isomorphic;

(3) the algebras (H(U),1.) and (H(V),T,) are topologically isomorphic;

(4) the algebras (H(U),7s) and (H(V),75) are topologically isomorphic.

Then (1), (2) and (3) are equivalent and imply (4). If E or F is separable and has

the bounded approximation property, and U and V are connected, then (1) — (4) are
equivalent.

3. Holomorphic functions on pseudoconvex domains

Finally, we can also obtain similar results for more general domains, the pseudo-
convex domains. We say that an open subset U of a locally convex space E is
pseudoconver if Kpyqy is relatively compact for each compact set K C U. Here,

Ps(U) denotes the family of all plurisubharmonic functions on U, and I?’ps(U) de-
notes the set

{x eU : f(z) <supf, forall f e PS(U)}.
K

The main theorem of [34], due M. Schottenloher and [28, theorem 2.1], due to J.
Mujica, together with the same ideas from Theorem 2, yield the following theorem:
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Theorem 8. Let E and F' be Fréchet spaces, one of them separable with the bounded
approximation property and U C FE and V C F be connected pseudoconvex open
subsets. Then the following conditions are equivalent:

(1) U and V are biholomorphically equivalent;

(2) the algebras (H(U),10) and (H(V'),70) are topologically isomorphic;
(3) the algebras (H(U),7,) and (H(V),7,) are topologically isomorphic;
(4) the algebras (H(U),7s) and (H(V),7s) are topologically isomorphic.

Under the hypotheses of Theorem 8, M. Schottenloher shows in [33, corollary 3.4]
that U and V are actually domains of holomorphy. To end this section, we show
that in every Banach space it is possible to construct a pair of open subsets H
and D of a Banach space, one of them not a domain of holomorphy, which are not
biholomorphically equivalent but for which the algebras (H(H),7) and (H(D),7)
are topologically isomorphic, for 7 = 71y, 7, 7s.

Example 9. Let E be a Banach space such that dim(E) > 2, and let us write
E = C?@® N, where N is a Banach space. Let D = {z = (21,20,w) € E : |z1| <
Ry, 22| < Roand ||w|| < R} and H ={z = (z1,22,w) € D : |z1] > r1or|z2] < ra},
where 0 < R <00 and 0 < r; < R; < 00, for j =1,2. Then the algebras (H(H),T)
and (H(D),T) are topologically isomorphic, for T = 19, 7,, 75, but H and D are
not biholomorphically equivalent.

Proor. First we will prove that each f € H(H) has a unique extension f e
H(D). With that purpose, let p; > 0 such that r; < p; < Ry and let D/ = {z =
(21,22,w) € D : |z1] < p1}. Observe that D = H U D’. Given f € H(H), let us
define

1
—— Fe2w) b orallz € D) (3.1)
2mi [C1]=p1 G —2

Since
(C1 - 2’1 Z 21 —(m+1) s

it follows that for z3 and w fixed, g is a holomorphic function of z1, for all |z1| < p;.
For z; and w fixed, the function % is a differentiable function of z5, and
therefore g is differentiable function of zo ([27, proposition 13.14]). By the same
argument we have that for z; and z fixed ¢ is differentiable in w. Hence ¢ is
separately holomorphic by [27, theorem 14.7], and therefore holomorphic by [27,
theorem 36.8]. By the Cauchy Integral Formula for holomorphic functions of one
variable, we have that g(z) = f(z) for every z = (21, 22, w) such that |z1| < p; and
|z2] < 72, and therefore for every z € D' N H, since D’ N H is connected. Then the
function f defined by f f on H and f = g on D’ is the desired extension. Hence
H cannot be a domain of holomorphy.

Let us define T : H(H) — H(D) by T(f) = f, for every f € H(H). Then T
is well defined, is surjective and is an isomorphism between algebras because f is
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unique. It is easy to see that T—1 : H(D) — H(H) is the restriction operator. Let
us show that the algebras (H(H), ) and (H(D), ) are topologically isomorphic for
T =19 and 7,. We have that D C S(H(H), 79). In fact, for z € D we define

h.:H(H) — Cbyh.(f) = f(z) for all f € H(H).

If z € H, it is clear that h, is Tp-continuous. If z € D’ then h,(f) = g(z), where g
is defined in (3.1). We see that there exists C' > 0 such that

lg(2)| < C sup |f(C1,22,w)| = C sup |f(z)], for every f € H(H),

[C1l=p1 zeK

where K = {¢ € C : || = p1} x {22} x {w}. Hence h, is m-continuous and
therefore D C S(H(H), ) = S(H(H),7,) = . Let us consider the mapping
G : H(H) — H(Z) given by G(f) = f, where f(h) = h(f), for every h € %. We
have that G is continuous for 7y (see H. Alexander [2, sections 2 and 4]) and for 7,
(see M. Matos [22]). Since H C D C ¥ it follows that the following mappings are
continuous:

(H(D),7) — (H(D),7) ——— (H(H), (H(D),7), for T =10, 7.

T) ——
Consequently, we have that (H(H),7) and (H(D
for 7 = 79, 7. It remains to prove that T : (H(H
ical isomorphism, but this is showed in [9] by G.
and in [32] by M. Schottenloher.

Finally we will show that H and D are not biholomorphically equivalent. In
fact, since D is convex, we have that D is domain of holomorphy, so if there ex-
ists a biholomorphic mapping between H and D, we have that H is a domain of
holomorphy, by [32, theorem 1.8] or [18, theorem 2.15], but this is a contradiction.
|

), T) are topologically isomorphic,
),7s) — (H(D), 7s) is a topolog-
Coeuré, in [18] by A. Hirschowitz

When E = C?, the pair (H, D) is called a Hartogs figure in C2.

4. Holomorphic functions of bounded type on Tsirelson-like spaces

In this section we present Banach-Stone theorems for algebras of holomorphic func-
tions of bounded type, but in this case we will restrict ourselves to Banach spaces.

Let E and F' be Banach spaces. Let P("™E, F') denote the Banach space of all
continuous m-homogeneous polynomials from F into F. Let P;("™E, F) denote the
subspace of P(™E, F) generated by all polynomials of the form P(x) = o(z)™b,
with ¢ € E' and b € F. Finally, let P(F, F') denote the vector space of all continuous
polynomials from E into F. When F = C, we write P(™E), P;("™FE) and P(E)
instead of P(™E,C), Ps(™E,C) and P(E, C), respectively.

Let U be an open subset of E. We say that an increasing sequence of open
subsets U = (Up)nen of E is a regular cover of U if

U= UU and dy

n=1

n) >0 forallm eN,

n+1(
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where dy, ,, (Uy) denotes the distance from U, to the boundary of U, . If U =
(Un)nen is a regular cover of U, we denote by H* (U, F') the vector space formed
by all holomorphic mappings f : U — F that are bounded on each U,, for n € N.
H> (U, F) is a Fréchet space for the topology of the uniform convergence on the sets
U,. When F = C, we write H>(U) instead of H> (U, F'). In this case we have that
H>(U) is a Fréchet algebra. Defining composition operators between the algebras
H>(U) and H> (V) is not as trivial as it is between the algebras H(U) and H(V).
To illustrate this, we have the following theorem.

Theorem 10. Let E and F' be Banach spaces, U C E and V C F be open subsets
and U = (Up)nen and V = (Vy)nen be regular covers of U and V', respectively.
Consider ¢ € H(V, E), with (V) C U. Then the operator C,, : H*(U) — H>*(V)
gwen by C,(f) = fop for all f € H®U) is well defined and is a continuous
homomorphism if and only if for each k € N there exists ny € N such that (V) C

PRroor. Let us suppose that C,, is well defined and is a continuous homomorphism;
and let & € N. Since C, is continuous, there exists ¢ > 0 and n;, € N such that

sup |Cy(f)| < esup|f], for all f € H>=U).
Vi

n

Replacing f by f™, taking nth roots and letting n — oo, we have that

sup [Cy(f)] < sup|[f|, for all f € H™U),
Vi

n

—

which shows that o(Vi) C (Un, )#ee )

Conversely, we have to show that fop € H®(V) for all f € H>®(U). To see
this, let & € N. By hypothesis there exists ny € N such that ¢(V) C ((7,;)7100(“).
For y € Vj, we have that

|f(p(y))| < sup|f| < oo, for all f e H™U).

ng

Since y is an arbitrary element of Vj, it follows that f o ¢ is bounded on Vj, for all
k € N and f € H*(U), proving that f oy € H*®(V) for all f € H®(U). Now it is
easy to check that C, is a continuous homomorphism between H> (i) and H> (V).
|

Now we can define composition operators between two algebras H>(U) and

He ).

Definition 11. Let U C E and V C F be open subsets and U = (U, )nen and
V = (Vi)nen be regular covers of U and V', respectively.
(1) We denote by H*>®(V,U) the set of all mappings ¢ € H(V, E) such that for
each k € N there exists ny, € N such that ¢(Vi) C ((7”:)7{00(“).
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(2) Let ¢ € H™®(V,U). Then the operator Cy, : H*®(U) — H*®(V) defined by
Cyu(f) = fop forall f € H®(U), is called a composition operator.

In [36], B. Tsirelson constructed a reflexive Banach space X, with an unconditional
Schauder basis, that does not contain any subspace that is isomorphic to ¢y or to
any l,. R. Alencar, R. Aron and S. Dineen proved in [1] that P;("X) is norm-dense
in P(™X) for all m € N. Inspired by this result, we will say that a Banach space E
is a Tsirelson-like space if E is reflexive and Py(™FE) is norm-dense in P(™E) for
all m e N.

Next we have the main theorem of this section.

Theorem 12. Let E and F be Banach spaces, one of them a Tsirelson-like space.
Let U CE and V C F be convex and balanced open subsets, and let U = (Up)nen
andV = (V)nen be regular covers for U and V' respectively, such that each U, and
V., are bounded and circular. Then the following conditions are equivalent:

(1) There exists a bijective mapping ¢ : V. — U such that ¢ € H>®(V,U) and
et EH®U,V);
(2) the algebras H>(U) and H>(V) are topologically isomorphic.

PROOF. (1) = (2) Use Theorem 10 and the ideas of the proof of Theorem 2.

(2) = (1) If E and F are both Tsirelson-like spaces, we follow the same ideas of
the proof of Theorem 2, using [29, lemma 2.1], instead of [19, propostion 4]. If only
E is a Tsirelson-like space, following the arguments of Theorem 2, (2) = (1), part
(b), we have that F' is a complemented subspace of E, and it is easy to see that in
this case F' is a Tsirelson-like space as well. H

By combining Theorems 12 and 2, we have the following extension result:

Corollary 13. Let E and F be Banach spaces, one of them a Tsirelson-like space.
Let U C E and V C F be convex and balanced open subsets, and let U = (Up)nen
and V = (V)nen be reqular covers for U and V' respectively, such that each U, and
Vi are bounded and circular. If the algebras H™(U) and H>*(V) are topologically
isomorphic, then the algebras (H(U),7) and (H(V),T) are topologically isomorphic,
for =19, T, and Ts.

To end this section, let us define the Fréchet space Hy,(U, F). If dy(x) denotes the
distance from x to the boundary of U, then the open sets

U,={2€U: |z| <nand dy(z) >27"}

form a sequence of bounded open sets that cover U and dy, ., (U,) > 0 for each
n € N. In the particular case when U = (Up)nen, U, defined above, the space
H>(U, F) is denoted by Hy(U, F) and its elements are called holomorphic mappings
of bounded type. If F' = C, we write Hp(U) instead of Hp(U, F). Let V C F be an
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open subset, and V = (V,,) is defined in the similar way as above. Then the set
H>®(V,U) will be denoted by H,(V,U). We say that a subset A C U is U-bounded
if A is bounded and there exists € > 0 such that A 4+ B(0,¢) C U. It is easy to see
that H;,(U) is the set of all holomorphic functions f : U — C that are bounded in
each U-bounded subset. Then we have the following corollaries:

Corollary 14. Let E and F be Banach spaces, one of them a Tsirelson-like space.
Let U C E and V C F be convex and balanced open subsets. Then the following
conditions are equivalent:
(1) There exists a bijective mapping ¢ : V. — U such that ¢ € Hy(V,U) and
el e Hy(U,V);
(2) the algebras Hy(U) e Hyp(V') are topologically isomorphic.

Corollary 14 has been obtained independently by D. Carando, D. Garcia and M.
Maestre in [8].

Corollary 15. Let E and F' be Banach spaces, one of them a Tsirelson-like space.
Let U C E and V C F be convexr and balanced open subsets. If the algebras Hy(U)
and Hy(V') are topologically isomorphic, then the algebras (H(U),7) and (H(V),T)
are topologically isomorphic for T=1y, 1, and 7s.

5. Germs of holomorphic functions on Tsirelson-like spaces

In this section we present similar results for algebras of germs of holomorphic func-
tions defined on Tsirelson-like spaces.

Let E be a Banach space and K C E be a compact subset. We define the algebra
hK) =U{H(U) : U D K isopen in E}. Let fi, fo € h(K) and Uy, U be open
subsets of E with K C U; and K C Us such that f; € H(U;) and fo € H(Us).
We say that f; and fo are equivalent (and we denote f; ~ fa) if there is an open
subset W C FE with K C W C U; NU; such that f; = fo in W. Then ~ is an
equivalence relation in h(K), and we denote H(K) = h(K)/ ~, and the elements
of H(K) are called germs of holomorphic functions. Finally, we endow H(K) with
the locally convex inductive limit of the locally convex algebras (H(U), 7,,), where
U varies among the open subsets of F such that K C U, and we denote

(H(K), ) = limu>x (H(U), 7). (5.1)

We will denote by iy the canonical inclusion iy : H(U) — H(K), for each U D K.
Let U, = K + B(0,1) for all n € N. Then it is easy to see that

(H(K)va) = Zi_'r)nnGNHb(Un)' (52)

We will denote by 4,, the canonical inclusion i,, : Hy(U,) — H(K), for each n € N.

In this section we will denote by f the elements of the algebra H(K), i.e. f €
H(K) if and only if there exists n € N such that f € H(U,,) and we will arbitrarily
use characterisations (5.1) and (5.2) above, according to the conveniences. We refer
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to [6; 15; 23] for background information on algebras of germs of holomorphic
functions.

Let E and F' be Banach spaces, and K C E and L C F be compact subsets. We
say that K and L are biholomorphically equivalent if there exist open subsets U C F
and V C F with K C U and L C V and a biholomorphic mapping ¢ : V. — U
such that (L) = K.

Theorem 16. Let E and F be Tsirelson-like spaces. Let K C E and L C F be
conver and balanced compact subsets. Then the following conditions are equivalent:

(1) K and L are biholomorphically equivalent;
(2) the algebras H(K) and H(L) are topologically isomorphic.

PrROOF. (1) = (2) Let V. > L, U D K be open subsets, and ¢ : V. — U be a
biholomorphic mapping such that ¢(L) = K. Let us define T : H(K) — H(L) as
follows. Given f € H(K), choose a representative f € H(Up), with K C Uy, and
let Vo = ¢~ 1(U N Up). Then define T(f) = f o (¢|v,). It is easy to see that T is
well defined and is a homomorphism. To show that 7" is continuous, let U, D K
be an open subset and V, = ¢~ (U NU,) € V. Let 9o = ¢}, : Vo — E, with
©0a(Va) C U,. Then the following diagram is commutative.

(H(Ua), 7) —22 (H(Va), 7o)

Since C,,,, is continuous, we conclude that T is continuous as well. Defining 7! by
the same way, using in this case ¢! instead of ¢, we conclude that the algebras
H(K) and H(L) are topologically isomorphic.

(2) = (1) Let T : H(K) — H(L) be a topological isomorphism, and denote
S =T~1. Let us fix an integer k € N. By [16, theorem A] or [17, theorem 1], there
is my € N and a continuous linear operator T}, such that the following diagram is
commutative.

HEK) —L  H(L)

i Timk

Hy(Ur) — Hy(Viny )

Since T'oiy, = 4y, o1} and T is multiplicative, we also have that T}, is multiplicative,
and since Uy is convex and balanced, it follows from Corollary 14 that there is a
holomorphic mapping ¢y : Vi, — E with ¢i(Vin,) € Uy such that T, = C,,.
By the same argument, we can find an integer nj; and a holomorphic mapping
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Y 2 Up,, — F with ¢(Uy, ) C Vin, such that the following diagram is commutative.

H(L) —— H(K)

Hy(Vin) —2 Hy (U,

Since S 0 iy, = in, 0 Cy, and SoT : H(K) — H(K) is the identity operator,
we have that ¢y o9 : U, — Uy, is actually the inclusion mapping. Thus, we have
increasing sequences (ng)ken, (Mk)ken and holomorphic mappings

Pk * mG — Uy and ¢y, : Unk I mG

such that ¢y o 9 : U,, — Uy is the inclusion mapping.

Claim 1: p; = @ over each V;,,, . In fact, since E' C H;(Uy), for each k € N,
we have that T(f) = fo@, = f o, for each f € E’ and each k € N. By the
definition of the equivalence classes f o @1 and f o ¢y and by the Identity Principle
for holomorphic functions we have that f o ¢, = fo g, on V,,, for all f € E'.
Now, by the Hahn-Banach Theorem, it follows that ¢; = ¢ on V,,,, . By the same
arguments we have that ¢¥; = i, over each U,,,.

Let f € H(K). Then f € Hy(Uy), for some k € N. From Claim 1 it follows

that T(f) = fowr = fo (p1lv,, ); and for each g € Hy(V;n, ) we have that S(g) =
gop=go (7/11|U,,,k)~

Claim 2: ¢;(L) C K. In fact, since L C V,,,, for every k € N, it follows from
Claim 1 that ¢1(L) = (L) € U, = K 4+ B(0, 1) for all k € N. Since K is closed
it follows that ¢1(L) C K. By the same arguments we have that ¢ (K) C L.

For each g € F' C Hy(Vyn,) we have that S(g) = g o 1;. Since go v € Hyp(Up,)
it follows that T o S(g) = (go¥1) o, = goi o Vin,, - On the other hand,
T o S(g) = g, and since Vin,,, 1s convex, it follows by the Identity Principle that
g=goyroponVy, forallge F’. Tt follows by the Hahn-Banach Theorem
that ¢1 0@y : V. — V is the identity mapping, where V' =V, . If we denote
U = ;1 (V), we have that U C U,,, and therefore 1 0ty : U — U is the identity
mapping. If we define ¢ = 1]y : V — U and ¢ = ¢ |y : U — V, it follows that
¢! =14 and by Claim 2 that ¢(L) = K, and then we conclude that K and L are
biholomorphically equivalent. B

Our proof of Theorem 16 is inspired by the ideas of [10] and [11]. We do not know if
Theorem 16 remains true if only one of the Banach spaces E or F' is a Tsirelson-like
space.

It is clear that all finite dimensional spaces are Tsirelson-like spaces, but in this
case Theorem 16 is valid for a larger class of connected compact subsets, namely the
Oka-Weil compact subsets. We say that a compact subset K of a Banach space is an
Oka-Weil compact set if there is a pseudoconvex open set U containing K such that
K = Kpyw). The next theorem sharpens Theorem 16 for the finite dimensional
case.
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Theorem 17. Let E and F be finite dimensional spaces and let K C E and L C F
be connected Oka-Weil compact subsets. Then the following conditions are equiva-
lent:

(1) K and L are biholomorphically equivalent;
(2) the algebras H(K) and H(L) are topologically isomorphic.

PROOF. (1) = (2) is identical to the proof of Theorem 16.

(2) = (1) We claim that H(K) is the inductive limit of a sequence of Fréchet
spaces (H(Wy), 7,), where each W), is connected and pseudoconvex (and the same
for H(L)). Indeed, let U, = K + B(0; 2) for all n € N. Then by [27, theorem 46.2],
for every n € N there exists a connected pseudoconvex open subset W,, such that
K C W, CUNU,, so the claim is proved. Now, applying the same arguments of the
proof of Theorem 16, using now Theorem 8 instead of Corollary 14, the conclusion
follows. ®

Preliminary versions of the results in this paper were announced in [37; 38; 39; 40].

ACKNOWLEDGEMENTS

I would like to thank Prof. S. Dineen for calling my attention to the papers [13] and
[30], in connection with Example 4 and my advisor, Prof. J. Mujica, for suggesting
the research problem and for so many helpful comments.

This research was supported by FAPESP, process no. 00/08358-1, Brazil.

REFERENCES

[1] R. Alencar, R. Aron and S. Dineen, A reflexive space of holomorphic functions in infinitely
many variables. Proceedings of the American Mathematical Society 90 (1984), 407-11.

[2] H. Alexander, Analytic functions on Banach spaces, unpublished PhD thesis, University of
California at Berkeley, 1968.

[3] S. Banach, Théorie des opérations linéaires, Monografje Matematyczne, Warsaw, 1932.

[4] J.A. Barroso, Introduction to holomorphy, North-Holland Mathematical Studies no. 106,
North Holland, Amsterdam, 1985.

[5] J. Barroso, M. Matos and L. Nachbin, On holomorphy versus linearity in classifying locally
convex spaces, Infinite dimensional holomorphy and applications, M. Matos (ed.), 31-74,
North-Holland, Amsterdam, 1977.

[6] K.-D. Bierstedt and R. Meise, Aspects of inductive limits in spaces of germs of holomorphic
functions on locally convex spaces and applications to the study of (H(U), 7w ), Advances
in Holomorphy, J.A. Barroso (ed.), 111-78, North-Holland Mathematical Studies No.
34, Amsterdam, 1979.

[7] J. Bonet, P. Galindo, D. Garcia and M. Maestre, Locally bounded sets of holomorphic map-
pings, Transactions of the American Mathematical Society 309 (2) (1988), 609-20.

[8] D. Carando, D. Garcia, M. Maestre, Homomorphisms and composition operators on algebras
of analytic functions of bounded type, Advances in Mathematics 197 (2005), 607-29.

[9] G. Coeuré, Fonctions plurisousharmoniques sur les espaces vectoriels topologiques et appli-
cations a I’étude des fonctions analytiques, Annales de [’Institut Fourier, Grenoble 20
(1970), 361-432.

[10] L.O. Condori, Homomorfismos continuos entre §lgebras de germes holomorfos, unpublished
PhD thesis, Universidade de Sao Paulo, 2001.



112 Mathematical Proceedings of the Royal Irish Academy

[11] L.O. Condori and M.L. Lourengo, Continuous homomorphisms between topological algebras
of holomorphic germs, to appear in The Rocky Mountain Journal of Mathematics.

[12] S. Dineen, Holomorphic functions on strong duals of Fréchet-Montel spaces, Infinite dimen-
stonal holomorphy and applications, M. Matos (ed.), 147-66, North-Holland, Amster-
dam, 1977.

[13] S. Dineen, Growth properties of pseudo-convex domains and domains of holomorphy in locally
convex topological vector spaces, Mathematische Annalen 226 (1977), 229-36 .

[14] S. Dineen, Holomorphic functions on inductive limits of CN, Proceedings of the Royal Irish
Academy 86A, (2) (1986), 143-6.

[15] S. Dineen, Complex analysis in infinite dimensional spaces, Springer-Verlag, London—Berlin—
Heidelberg, 1999.

[16] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, American Mathemat-
ical Society, Providence, Rhode Island, 1955.

[17] A. Grothendieck, Espaces vectoriels topologiques, 2nd edn., Sociedade Matemética de Sao
Paulo, 1958.

(18] A. Hirschowitz, Prolongement analytique en dimension infinie, Annales de I’Institut Fourier,
Grenoble 22 (1972), 255-92.

[19] J.M. Isidro, Characterization of the spectrum of some topological algebras of holomorphic
functions, Advances in holomorphy, J.A. Barroso (ed.), 407-16, North-Holland Mathe-
matics Studies no. 34, Amsterdam, 1979.

[20] B. Josefson, A counterexample in the Levi problem, Proceedings on infinite dimensional holo-
morphy, 16877, Lecture Notes in Mathematics no. 364, Springer, Berlin—Heidelberg—
New York, 1974.

[21] W. Kaup and H. Upmeier, Banach spaces with biholomorphically equivalent unit balls are
isomorphic, Proceedings of the American Mathematical Society 58 (1976), 129-33 .

[22] M. Matos, The envelope of holomorphy of Riemann domains over a countable product of
complex planes, Transactions of the American Mathematical Society 167 (1972), 379-
87 .

[23] J. Mujica, Spaces of germs of holomorphic functions, Studies in analysis, 1-41, Advances in
Mathematics Supplement Studies no. 4, Academic Press, New York—London, 1979.

[24] J. Mujica, Ideals of holomorphic functions on Fréchet spaces, Advances in holomorphy, J.A.
Barroso (ed.), 563-76, North-Holland Mathematics Studies no. 34, Amsterdam, 1979.

[25] J. Mujica, Complex homomorphisms of the algebras of holomorphic functions on Fréchet
spaces, Mathematische Annalen 241 (1979), 73-82 .

[26] J. Mujica, The Oka-Weil theorem in locally convez spaces with the approzimation property.
Seminaire Paul KREE (Equations aux dérivées partielles en dimension infinie), 4e année,
n° 3, 01-07, 1979.

[27] J. Mujica, Complex analysis in Banach spaces, North-Holland Mathematical Studies no. 120,
Amsterdam, 1986.

[28] J. Mujica, Spectra of algebras of holomorphic functions on infinite dimensional Riemann
domains, Mathematische Annalen 276 (1987), 317-22.

[29] J. Mujica, Ideals of holomorphic functions on Tsirelson’s space, Archiv der Mathematik 76
(2001), 292-8.

[30] P. Noverraz, On a particular case of surjective limit, Infinite dimensional holomorphy and
applications. M. Matos (ed.), 323-31, North-Holland Math. Stud. 12, Amsterdam, 1977.

[31] P. Pérez Carrera and J. Bonet, Barrelled locally conver spaces, North-Holland Mathematical
Studies no. 131, Amsterdam, 1987.

[32] M. Schottenloher, Uber analytische Fortsetzung in Banachrdumen, Mathematische Annalen
199 (1972), 313-36.

[33] M. Schottenloher, The Levi problem for domains spread over locally convex spaces with a
finite dimensional Schauder decomposition, Annales de ’Institut Fourier, Grenoble 26
(4) (1974), 207-37.

[34] M. Schottenloher, Spectrum and envelope of holomorphy for infinite dimensional Riemann
domains, Mathematische Annalen 263 (1983), 213-9.



VIEIRA —Banach-Stone theorems for algebras of holomorphic functions 113

[35] M.H. Stone, Applications of the theory of Boolean rings to general topology, Transactions of
the American Mathematical Society 41 (1937), 375-481.

[36] B. Tsirelson, Not every Banach space contains an imbedding of I, or cg, Functional Analysis
and its Applications 8 (1974), 138—41.

[37] D.M. Vieira, Algebms topolégicas de funcgées holomorfas em espacos de Banach, 55°
Semindrio Brasileiro de Anadlise, Uberlandia, MG, May 2002, pp. 577—82.

[38] D.M. Vieira, Algebms topolégicas de fungdes holomorfas no espaco de Tsirelson, 56°
Semindrio Brasileiro de Anadlise, Niterdi, RJ, November 2002, pp. 752—6.

[39] D.M. Vieira, Algebms de Fréchet de fungées holomorfas no espago de Tsirelson, 57°
Semindario Brasileiro de Anélise, Vicosa, MG, May 2003, pp. 391-6.

[40] D.M. Vieira, Theorems of Banach-Stone type for algebras of germs of holomorphic functions,
58° Semindrio Brasileiro de Analise, Campinas, SP, November 2003, pp. 505-10.



