ACTIONS OF TAFT’S ALGEBRAS ON FINITE DIMENSIONAL
ALGEBRAS

LUCIO CENTRONE AND FELIPE YASUMURA

ABSTRACT. Let F' be a field containing a primitive m-th root of the unit. We
characterize the actions of a Taft’s algebra H,, of a certain order m on finite
dimensional arbitrary algebras. We describe the action in terms of gradings
and actions by skew-derivations. Moreover we prove the associative algebra
UTy of 2 x 2 upper triangular matrices with entries from F' does not generate
a variety of Hy,-module algebras of almost polynomial growth.

1. INTRODUCTION

The H-module algebras, where H denotes a Hopf algebra, are important tool
both in the theory of algebraic groups and quantum groups and not only. Motivated
by algebraic structures appearing in Rational Conformal Field Theory (see [21]) it
seems very useful finding constructions associating to an algebra in a monoidal
category a commutative algebra in the monoidal centre. In particular, if you con-
sider an H-module algebra A, then the corresponding commutative algebra in the
braided category of Yetter-Drinfeld modules over H is given by the centralizer of
A in the smash product A#H (see Corollary 5.4 of [7]).

Keeping in mind the above facts, in these notes we would like to characterize
finite dimensional H,,-module algebras (not necessarily associative) in terms of
their gradings and of a proper suitable element when, for a fixed m and over a
field containing a primitive m-th root of unit, H,, is a Taft’s Hopf algebra. We
recall that given an algebra A over a field F, a skew-derivation is an F-linear map
d of A so that for every a,b € A we have §(ab) = d(a)b + a(a)d(b), where « is a
suitable homomorphism of A. The skew-derivation ¢ is called inner if there exists
an element y € A so that 6(a) = ya — a(a)y and we write ad,(y) instead of .
Moreover, if A is a graded algebra, we denote by deg(a) the homogeneous degree
of a € A whenever a is homogeneous in the grading.

Here is the statement of our first general result (see Theorem 8 in the text) that
can be seen as an improvement of one of the results obtained in [23].

If every skew-derivation of A is inner, then an H,,-module algebra structure on A
is completely determined by a choice of a Z,-grading on A and a homogeneous
element y € A so that degy is non-trivial, and ad,(y)™ = 0.

Then an H,,-module algebra structure on UT,,, the algebra of n x n upper
triangular matrices over a field F', can be effectively computed using one of the
many results characterizing gradings on upper triangular matrices. On this purpose,
we have to cite the papers [29] by Valenti and Zaicev, and [9] by Di Vincenzo,
Koshlukov and Valenti.

The deep reason that lead us to find out relations between H-module algebra
structures and gradings is given by the duality theorem in the case H = F'G, where
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G is a finite abelian group. In this case an F'G-module algebra is a G-graded algebra
and viceversa. Of course F'G is a commutative cocommutative Hopf algebra which
is semisimple if the characteristic of the field is 0 or does not divide the order
of G whereas H,, is an m?-dimensional algebra which is neither cocommutative
nor semisimple. Moreover every non-semisimple Hopf algebra of dimension p? is
isomorphic to Hy, if p is prime [24].

We also investigate H,,-identities of UT» seen as an associative algebra. We
furnished a finite set of generators of H,,-identities and its sequence of codimension.
We obtained the following result:

The H,,-exponent of UTs is 2.

We highlight the fact the H,,-exponent of UT5 is an integer could not be recov-
ered by the results of Gordienko [18] who proved the H,,-exponent of an H,,-simple
algebra is an integer and Karasik [20] who proved the H-exponent of an algebra is
an integer provided H being a finite dimensional semisimple Hopf algebra. In fact
UT5 is neither H,,-simple nor semisimple as mentioned above. We would also cite
the papers [16] and [17] by Gordienko in which the author determines all the H,,-
simple algebras showing they are not finite in number (up to H,,-isomorphisms)
whereas if H is semisimple and finite dimensional the number of non-isomorphic
H-simple algebra is finite (see [12]). We also obtained the next result about the
growth of varieties (see Proposition 20 in the sequel).

The H,,-module algebra UT, does not generate a variety of almost polynomial
growth.
Finally we wrote a short note on the action of pointed cocommutative Hopf
algebras on UT,, in the associative case.

2. PRELIMINARIES

2.1. Gradings on algebras. Let F' be a field so that A is a finite dimensional
F-algebra (not necessarily associative) and « an automorphism of A of order m.
We recall the order of an automorphism « of a given algebra A is the order of « as
an element of the group Aut(A) of the automorphisms of A.

Assume char F', the characteristic of F, does not divide m and F' contains prim-
itive m-th roots of the unit.

It is well known « induces a Z,,-grading on A, that is,

(1) A=A A @ D Ap-1,
where, for a fixed primitive m-root of unit ~,
A ={a € A| ala) =~"a}
is a vector subspace of A and A;A; C A,y;, for all 4,j € Z,,. In this case, (1) is
called a Z,,-grading on A.

Group gradings have an extensive own theory. In general, a grading on an algebra
can be defined by arbitrary groups, semigroups, or even sets without any structure.
There is a one-to-one correspondence (duality) between gradings by a group and
the action of a group of automorphisms under some restrictions. In particular we
have the following classical result. We mention that if G is a group we shall denote
by G its group of characters.

Theorem 1 (Duality Theorem). Let G be a finite abelian group and suppose that
F' contains a primitive (exp G)-root of unit. Then any G-grading on an algebra A
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defines a G-action on A by automorphisms and viceversa. In this action, a subspace
V C A is a graded subspace of A if and only if V is invariant under the G-action.
An element a € A is homogeneous in the G-grading if and only if a is an eigenvector
for any x € G. [l

Another generalization of the previous result can be obtained in the case of
gradings by finite semilattices. The result is an easy consequence of Corollary 3.15
of [6] and uses the fact that group-like elements of a Hopf algebra can determine a
grading under some special hypothesis.

Moreover, we can further generalize the previous result in the language of action
of the so-called automorphism group schemes. In such context, we do not impose
any restriction on the base field, and the grading group does not need to be finite.
More information concerning graded algebras can be found in the monograph [11].

2.2. Taft’s Hopf algebras. Let F be a field containing a primitive m-th root of
the unit v for some positive integer m. Let (H,,,A,¢€,S) be the Hopf algebra so
that
H,, =F{c,z|c™ =12 =0,zc = yex)
as an algebra with comultiplication A such that
Alc)=c®c¢, Alz)=z®14+c®zx
and counit € defined by
e(c) =1, e(z)=0.
Moreover the antipode S is such that
S(c)=c, S(x) = —c .

Thus, H,, is an m2-dimensional algebra which is neither commutative nor cocom-
mutative. This algebra is known as the Taft’s Hopf algebra of order m. A particular
case of a Taft’s algebra occurs when m = 2 and the latter algebra is known as the
Sweedler’s Hopf algebra.

2.3. H-module algebras. Let A be an F-algebra. We shall call A an H-module
algebra if it is given an H-module structure on A with the additional condition

(2) h(ab) = " h1y(a)hz)(b),

for every a,b € A, h € H and A(h) = h(1) ® h(g) using Sweedler’s notation.

As already mentioned the action of an abelian group G on an algebra A can be
seen as an H-module algebra structure on A, where H = F'G is a Hopf algebra
with canonical comultiplication and counit.

2.4. Gradings on UT,. In this paper we shall study H-actions on algebras and
we shall give an explicit description of H-actions on the F-algebra UT, of upper
triangular matrices with entries from the field F. We describe the actions in terms
of gradings and actions by skew-derivations.

In [29] the authors give a complete classification of group gradings on UT,, con-
sidered as an associative algebra. In particular they prove that every group grading
on this algebra is isomorphic to a so-called elementary grading. We would like to
spend some words toward gradings on matrix algebras. If A = M,,(F') (the algebra
of n x n matrices with entries of F') and G is a group, let g = (g1,...,9,) be an
n-tuple of elements of G, then A is G-graded by an elementary grading if we set
A9 = Span{ey, | llepqll = g}, where e, are elementary matrices, [lepql| = gq9,*
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and A = gec A9. Of course these definitions apply to any subalgebra of A that
is generated by matrix units and, in particular, to UT,.

We state the main result of [29] in a different language. In order to do this, we
should introduce some notations.

Let us give an alternative definition for the algebra UT;, of the upper triangular
matrices with entries from the field F. Let V = F™ be the n-dimensional vector
space over F. Consider a flag of vector subspaces

(3) 0=VcWhc---cV,=YV,
where dim V, = k. We define
UT, :={u € Endp(V) | u(V}) C Vi, Vk}.

Choose any basis of the flag (3), that is, an ordered basis {vy,...,v,} of V so that
{v1,...,v;} is a basis of Vj, for all k. Thus the elements of UT,, have the following
matrix form in the chosen basis:

UT,',L = .. :
0 *
As mentioned before, the complete classification of group gradings on UT,, was

given in [29] by Valenti and Zaicev and this result can be restated in terms of
automorphisms of UT,, as follows.

Theorem 2. Let a be an automorphism of UT, of order m, and consider the
induced Zy,-grading on UT,, = @y.cy Ax. Then there exists a basis of the flag (3)
such that every Ay is spanned by matriz units. [

However, the automorphism « acts as a multiplication by a scalar in each Ay.
Hence another (and equivalent) way to state the result above is the following.

Theorem 3. Let a be an automorphism of UT,, of order m and let v be a primitive
m-root of unit. Then there exists a basis of the flag (3) such that for each matriz
unit e;; we have afe;;) = v*e;; for some integer a;;. Moreover a(e;;) = e, for
all 1. O

3. FINITE DIMENSIONAL H,,-MODULE ALGEBRAS

In this section we shall give some general results about finite dimensional H,,-
module algebras. From now on let A be a finite dimensional algebra over a field F.
We want to study the H,,-actions on A.

Notice that, by (2), the element ¢ acts as a homomorphism of algebras on A.
Moreover, since ¢™ = 1, we obtain that ¢ acts as an automorphism of A of order
m. Using the same idea, x acts as a c-derivation (also known as a skew-derivation),
that is, it satisfies

x(ab) = z(a)b+ c(a)z(b), Va,be A.

Moreover, the actions of x and ¢ are related by xc = ycx. Conversely a choice
of an automorphism « of A of order m and an a-derivation d satisfying d™ = 0,
and da = vyad, defines an H,,-action on A. In fact it is sufficient to consider the
F-algebra F{a,d) which turns out to be a Hopf algebra isomorphic to H,,. Hence
we get the next result.
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Proposition 4. Let A be a finite dimensional algebra over a field containing a m-
th primitive root of unit v, assume that its characteristic does not divide m, then
an action of H,, on A is completely determined by a choice of:

(i) an automorphism « of A of order m,
(ii) an a-derivation d of A such that d™ =0, and ad = yda.

Equivalently, the structure of H,,-module algebra on A is uniquely determined by a
choice of:
(i) aZm-grading A = D,cy Ai,
(ii) an a-derivation d (where o defines the Zy, -grading above) such that d(A;) C
Ai+1, and d™ = 0.
O

3.1. Properties of the skew-center. In this subsection we show some properties
of the so-called skew-center of a given algebra which intent will be shown later on.
From now on we fix an automorphism « of A.

Definition 1. The left skew-center of A is defined by
Zo(A) :={ac A|ab=a(b)a,Vbc A}.

In the special case of A being associative, a = 14 we get Z,(A)! = Z(A), where
Z(A) denotes the classical center of A.
We have the following easy result.

Lemma 5. Consider the Z,,-grading induced from the automorphism « of order
m, then Zo(A) is Ly, -graded and o Zo(A)') = Zo(A)L.

Proof. The first part is an easy and straightforward computation. The second
part is obtained apllying the final statement of Theorem 1 and we get the desired
result. g

Of course we can define analogously the right skew-center of A namely Z,(A)"
and in general the left and right skew-center of A do not coincide if « is any
automorphism. In the case « is of order 2 the things are different. Suppose a €
Z,(A)!, then for any b € A we have ab = a(b)a which implies a(a)a(b) = ba(a).
Hence a(Z,(A)Y) € Z,(A)" but because of Lemma 5 a(Z,(A)!) = Z,(A)!. We
simply get the two definitions of left and right skew-center are equal in the case «
is an automorphism of order 2 and we are allowed to write Z,(A). Anyway from
now on for the sake of simplicity we shall write Z,(A) instead of Z,(A)".

The next result will be extremely useful in the sequel.

Lemma 6. Lety € A, y ¢ Z,(A), and assume that a(y) — Ay € Z,(A), for some
A€ F. Then, A # 0, and there exists z € Zo(A) such that
aly +2) = Ay +2).

Proof. By Lemma 5 we get A # 0 because otherwise a(y) € Zo(A) = a(Z,(4))
and due to the fact that « is an automorphism we obtain y € Z,(A) which is a
contradiction. By the choice of y, the subspace W = Fy+ Z,(A) is Z,-graded too.
In fact if w = vy + u, where v € F and u € Z,(A), then

a(w) =ya(y) + o(u) = Ay + 9’ + a(u) € Fy + Za(A),
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where v’ € Z,(A)!. Consider a homogeneous basis of W as a vector space obtained
from a completion of a homogeneous basis of Z,(A), say {y + z} U {z; }icr, where
{2;}ier is a homogeneous basis of Z,(A)!. Hence F(y+z) is a graded subspace, thus
aly+2) = N(y+=z), for some X' € F. On the other hand, a(y+2) = Ay +a(z)+ 2/,
for some 2’ € Z,(A)!. However, since F'y N Z,(A)! = 0, one has A = \. This
means, a(y + z) = My + z) and we are done. O

We say that a skew-derivation d is inner if there exists y € A such that
d(a) = ya — a(a)y, Vae A.
We denote by ad,(y) the map sending
adq(y) : a — ya — ala)y

which is of course a skew-derivation. With the notation above we are in position
to state the next.

Lemma 7. Let us consider an H,,-action on A and assume z acts as ad,(y),
where y ¢ Zo(A)'. Then we can find y' € A such that ad,(y) = ad,(y'), and
a(y) =77y

Proof. Denote by « the action of ¢, thus o = 1. Since za = yax, for any a € A,
we have

ya(a) — a®(a)y = ada(y)(e(a))
= na(ada(y)(a))
=a(ya — a(a)y)
=7(a(y)ala) — a*(a)a(y)).
Thus (y—vya(y))a(a) = o*(a)(y—ya(y)), for all a € A. This means that y—ya(y) €

Z,(A). By Lemma 6, we can find z € Z,(A)! such that a(y + z) = v~ (y + 2).
Thus, 3’ := y + z satisfies the conditions of the lemma. |

At the light of the previous result and under the hipothesis of Lemma 7, we can
use without loss of generality either ad,(y) or ad,(y’). Remark that y' satisfies
ads(y')™ = 0. Then by Proposition 4 any choice of an automorphism of order m
and such an element 3’ defines an action of H on A. This is the content of the
following result.

Theorem 8. Assume that every skew-derivation of A is inner. An H,,-module
algebra structure on A is completely defined by a choice of:

(i) an automorphism a of A of order m,

(ii) an element y € A such that a(y) = v~ 1y, and ad,(y)™ = 0.
Equivalently, an action of H,, on A is completely defined by:

(i) a Zy,-grading on A,

(i) a homogeneous element y € A, such that degy ==, and ad,(y)™ = 0.

O

Remark 9. It should be noted that, for a given algebra A, the identification of
a structure of H,,-module algebra with a pair (I',y), where T' is a grading by
a group on A and y € A preserves morphisms in the following sense. Denote
by A; and As two structure of H,,-module algebras on A, and by (I'1,y;) and
(T'2,y2) their respective pairs. Then a homomorphism of algebras ¢ : A; — Az is a
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homomorphism of H,,-module algebras if and only if ¢ is a graded homomorphism
such that ¢(y1) — y2 € Zc,(¢(A1)), where we denote by ¢; and ¢z the H,,-module
structure on A; and A,, respectively. Indeed, one has cop = pc; if and only if
¢ is a graded homomorphism. Moreover, pad., (y1) = ad,(y2)p if and only if

(p(y1) — y2)p(x) = ca(p(x))(p(y1) — y2), for all z € A.

4. H,,-ACTIONS ON UPPER TRIANGULAR MATRICES

Now, we investigate toward the particular case of UT,, the algebra of upper
triangular matrices of order n, with entries from F'. We will make use of the results
of the last section and we assume further char F' # 2.

Proposition 10. Let « be an automorphism of UT,, of order m. Then every
a-derivation of UT,, is inner.

Proof. By Theorem 3, we can assume a(e;;) = A;je;;, for some A;; # 0, for all e;;,
and «a(e;;) = e, for all i. Let d be an a-derivation of UT,,. The proof will be
performed by induction on n. Let a = d(e11) — 2e11d(e11). So

adq(a)(e11) = d(e1r)err — 2er1d(err)err — (alerr)d(er1) — 2alern)errd(err))
= (611)611 - 2611d(€11)€11 + 611d(€11)

=d(e},) — 2e11d(e1r)err = d(e11) — 2e11d(e1r)ers-

=d

1
However, d(ej1) (€2,) = d(e11)er1 + alerr)d(err). Thus,

end(err)ein = 611d(€11)6%1 + 6%161(611)6117

so ey1d(er1)er; = 0. This gives ad,(a)(e11) = d(e1).

Hence, d' := d — ad,(a) is a derivation such that d'(e;;) = 0. Let f = eqs +
<o+ enn. Then fUT,f ~ UT,_;. Since d'(e11) = d'(1) = 0, we have d'(f) = 0.
Moreover, for any fuf € fUT, f, we have

d'(fuf) = a(f)d (u)f = fd(u)f € fUT,f.

By induction hypothesis, we can find y € fUT, f such that &’ | ;ur, ;= ada(y) |fuT, s
Note that ad,(y)(e11) = 0. Let d” = d' — ada(y). So, d'(fUT,f) = 0, and
d”(eu) =0.

Now,

d"(e12) = d"(e11€12€22) = a(er1)d” (e12)e22,

so d"’(e12) = Aeja, for some X € F. Let D = d” —ad,(Ae11). Note that D(ej1) = 0,
and D(fUT, f) = 0. Moreover,

D(elg) = )\612 — ada(>\611)(612) = 0
Finally, for any p > 2, we have
D(elp) = D(€12€2p) = D(612)62p + Oé(eu)D(QQP) = 0.

Thus D = 0 and d is an inner a-derivation. O

Combining Theorem 8 and Proposition 10, we obtain:
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Theorem 11. The action of the Taft’s Hopf algebra H,, on UT, is completely
determined by a choice of an automorphism a of UT, of order m, and an inner
a-derivation by an element y € UT,, such that a(y) =y 1y, and ad,(y)™ = 0.
Equivalently, the action of H on UT,, is completely determined by a choice of a
Lo -grading on UT,, and a homogeneous element y € UT,, of homogeneous degree
v~t such that ad,(y)™ = 0. O

Remark 12. Notice that the center of UT,, consists of scalar matrices and is therefore
isomorphic to the base field. Moreover, given an automorphism « of UT;,, and
y € UT,, if a(y) = v~ 'y, then y € J(UT,). Hence y is a nilpotent element.
Moreover, ad,(y)™ = 0 implies y™ = 0. For, denote by L, and R, the left and
right multiplication by y, respectively. Then, for any m > 0,

ady (y)™ = ZZ(il)mfi,yij; ° R;nfi o™i
i=0 j—=0

m

(_1)m7i (Jm,i(’)/il)) L; ° R;nfi ° amfi’
=0

where Jyi1, (YY) = 4T T (V) + T (07, Joa(v ) = Jia(vh) = L
Assume that y™ # 0, and let ¢ be the minimum such that there exists a non-zero
entry (i,7) of y™ (note that j > ). Then by the above formula, ad,(y)™e; =
Rj'eit # 0. The converse holds if m = 2, that is y? = 0 implies ad,(y)? = 0.

Remark 13. We can explicitly compute the skew-center of UT,,. Let a be an inner
automorphism of UT,, of order m. Then it is not hard to conclude that, after a
choice of basis, a(zr) = AxA~1, for all z € UT,,, where A € UT,, is an invertible
diagonal matrix. A direct computation shows that Z,(UT,) = Span{A}.

5. H,,-IDENTITIES OF UT5,

In this section we shall compute a finite set of identities in the sense of the action
of H,, on UT; seen as an associative algebra. As a consequence we shall compute
its codimension series and we find out its exponent exists and is an integer.

We alert the reader that in the sequel we shall write A% instead of 1(¢(A)) if
R is a ring acting on A in some sense and ¢,1 € R. Of course we shall use the
right-to-left notation in order to denote the composition of homomorphisms too.

We shall construct a free object inside the class of H-module algebras. Let H
be a Hopf algebra with unit 1 and let us consider a countable set of indeterminates
X = {x1,22,...}; we set x; := x;. We choose a linear basis (y5)gea in H and we
denote by F(X|H) the free associative algebra over F' generated by the free formal
generators z,” lying in the set X* = {2/°|i € N, € A,i € N}. If h € H let
af =Y genapr]” for h =Y 5.0 agys, ag € F, where only a finite number of
ag’s is non-zero. We refer to the elements of F'(X|H) as H-polynomials. Note that
here we do not consider any H-action on F(X|H).

Let A be an algebra with an H-module algebra structure. Any map ¢ : X — A
has a unique homomorphic extension ¢ : F(X|H) — A such that 1 (z}) = hi(x;)
for all i € Nand h € H. An H-polynomial f € F(X|H) is an H-identity of A if
P(f) = 0 for all maps ¢ : X — A which are called substitutions. In other words,
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flxy,xa, ..., x,) is an H-identity of A if and only if

i(f):f(ilw'wf'rl):f(alaaQa"'aan):O

for any a; € A, where T; := t(z;). In this case we write f = 0. The set Id” (A4) of all
H-identities of A is an ideal of F/(X|H) which is invariant under all endomorphisms
of F(X|H), i.e., it is a TH-ideal. Note that our definition of F(X|H) depends on
the choice of the basis (y3)geca in H. However such algebras can be identified in a
natural way, and Id (A) turns out to be the same.

It is worthy noticing that if we consider the trivial Hopf algebra H = F', then we
are simply studying ordinary polynomial identities and we shall omit any index or
super-index to refer to its H-identities or related stuffs. For further lectures about
polynomail identities we strongly recommend the books [10] by Drensky and [14]
by Giambruno and Zaicev.

Now, let us take a moment to analyze the H-polynomials. First, let us discuss
the proof of Proposition 3.3.6 of [14]. The proof gives us a beautiful duality between
G-gradings and G-actions if G is a finite abelian group (as we mentioned before).
However one can define G-polynomials as F'G-polynomials, where the group algebra
FG is endowed with its canonical Hopf algebra structure. Notice also in that proof
the authors take an opportune linear basis of FG (corresponding to “projections”)
such a way the F'G-polynomials correspond to G-graded polynomials, where the
G-grading is constructed adequately. Thus, given a finite abelian group G and
a finite-dimensional algebra A with a G-action we obtain a G-grading on A and
viceversa; furthermore, the G-polynomial identities and the G-graded identities
coincide, that is

Id"C(A) = 1d9"(A).

Notice also by [3] to every group grading we can associate a certain signature.
We recall the definition of a signature. We say that a vector space A is an -
algebra and Q is a signature of A, where Q = J,,~( Qn, if each w, € Q,, defines
an n-linear map w, : A x --- x A — A. For instance, our definition of algebra is
a Q-algebra, where [Qs] = 1, and Q,, = 0, for n # 2. We can construct the free
Q-algebra, so we can talk about -polynomials identities (see, for instance, [19,
Chapter 2]). Let A be a G-graded algebra, where G is finite and define 7y : A — A
as the projection with respect to the decomposition A = € e Ay. Hence we can
consider the signature Qg = Q) U Qq, where [Qo| = 1, and Q; = {n, | g € G}.
In [3], the authors prove that the elements 7,(z) in the relatively free Qg-algebra
correspond to graded variables of degree g. Thus

Id, (A) = 1d= (A).

Going back to the Taft’s Hopf algebra H,,, note that if we consider a linear
basis B; of the subalgebra (c) of H,, generated by ¢, then {28 | 8 € Bi,i =
0,1,...,m — 1} is a basis of H,,. Let A be an H,,-module algebra. The proof
of [14, Proposition 3.3.6] gives us a basis {x1,...,Xm} of {(¢) such that each y;
corresponds to a projection of a certain Z,,-grading on A. So B = {a’y;} is a
basis of H,, and Q = Qy U, is a signature, where Q1 = B, and |Q3] = 1. Let
D,, = F(x) = spanp{{1,z,22,..., 2™ 1}). By [3] again we have the variables
z'(x;j(x)) correspond to graded variables under the action of z7. In few words the
H,,-polynomials correspond to Z,,-graded polynomials with the action of D,,, and
the polynomial identities coincide. Finally we have the next.



10 L. CENTRONE AND F. YASUMURA

Proposition 14. Let A be a finite-dimensional associative H,,-module algebra.
Consider the corresponding Z., -grading and the skew-derivation d, as in Proposition
4, and let D, = F(x). We consider the G-graded polynomials with the action of d,
then
Idfm (A) = 1d9Pm(A).
O

Denote by Pf the space of all multilinear H-polynomials in x1,...,x,, n € N,
ie.,

PH .— (xgzl)mgé) : CL‘];’(ln)|hl € H,0€S,) C F(X|H).

The symmetric group S, acts on the left on the space P by o(2!) = xg(i) if
o € S,. Notice that the vector space PX N1Id*(A) is stable under this S, action,
hence P (A) := PP /(PH n1d"(A)) is a left S,-module. This leads us to consider
the S,-character of PH(A), namely x(A), which is called n-th cocharacter of
polynomial H-identities or the n-th H-cocharacter of A. By the classical theory of
representations of the symmetric group (see for instance the book by Sagan [25]),
the irreducible S,,-characters are in one-to-one correspondence with the partitions
of the non-negative integer n because the ground field is of characteristic 0. In
particular, if x denotes the irreducible S,,-character corresponding to the partition
A, then we are allowed to write

X (A) =Y " mixa,
AFn
where mf > 0 is the multiplicity of the irreducible character x, in the decomposi-
tion of xZ (A). Moreover the non-negative integer

A (A) == dimp (P (A))

n

is called the n-th codimension of polynomial H -identities or the n-th H-codimension

of A. We shall also refer to the sequences {x2(A)},>0, {cZ(A)} >0 as the H-

cocharacter sequence of A and the H -codimension sequence of A respectively.
Given an H-module algebra A, if the limit

lim {/cH(A)
n

exists we shall call it H PI-exponent of A and we shall denote it by exp(A).

It is well known if we specialize H with the dual algebra of the group algebra F'G,
where G is a finite group, we get the notion of G-graded identities, codimension,
exponent, etc. The existence of the exponent in the graded case has been studied
by several authors as Giambruno and Zaicev in [15] when G is the trivial group,
Benanti, Giambruno and Pipitone in [4] when G = Zo, by Aljadeff, Giambruno and
La Mattina in [2] in the case A is affine and G is abelian, by Giambruno and La
Mattina (see [13]) if A is any G-graded algebra and G is abelian and in general by
Aljadeff and Giambruno in [1]. In the general case of an H-algebra only partial
results are known about the existence of such exponent. If H is finite dimensional
and semisimple, then Karasik proved in [20] the H-exponent exists and is an integer.
It is easy to see Taft’s algebras are not semisimple algebras. Hence the next result
by Gordienko [18] is another good step in this direction.

Theorem 15. Let A be a finite dimensional H,,-simple algebra over an alge-
braically closed field F of characteristic 0. Then exp™m(A) exists and is an integer.
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Notice that neither UT5 is an H,,-simple algebra nor H,, is semisimple, hence
we cannot apply the arguments by Gordienko and Karasik in order to prove the
existence of the H,,-exponent of UT5.

Before starting the calculation of H,,-identities of UT, we recall the following
result by Valenti about Zs-graded identities of UT, endowed with the elementary
grading induced by the pair (0,1). In this case we shall denote by Y = {y1,y2...}
the countable set of variables of degree 0 (even) and by Z = {z1,29,...} the
countable set of variables of degree 1 (odd). We shall denote by R the algebra
F{Y U Z|Zs).

Proposition 16 (|27, Theorem 2], [22, Theorem 2.1 and Theorem 4.1]). The ideal
of Zy-graded identities of UTs with the grading defined by the pair (0,1) is generated
by the following polynomials:

[y17y2]7 Z1%22.

Moreover for every n > 0 a linear basis for the space P22(UTy) is given by the
following sets of polynomials:

® Us = Yiy YinFinys  Yin s
© U= Y1 Yn,
where S denotes the ordered k-tuple (i1,...,i), i; € {1,...,n} and all the other
indexes are ordered. Finally

2 (UTy) =n2" 1 +1
for every n > 1.

Consider now an H,,-action on UTs. By Theorem 11, a structure of H,,-module
algebra on UTs is equivalent to a Z,,-grading and an inner skew-derivation d =
ads(y), where y is homogeneous of non-trivial degree. From the results of [29]
(see Section 2.4 above), there exist two gradings on UT, up to equivalence: the
non-trivial one (where degejs is non-trivial), and the trivial grading. So, there are
three cases to study:

(i) the grading is trivial (so d acts trivially): in this case, Id”™ (UTj) equals
the ordinary polynomial identities of UTy;

(ii) the grading is non-trivial and d acts trivially: in this case, Id%™ (UTy)
equals the graded polynomial identities of UT5, which are computed in [9]
(see also Proposition 16);

(iii) the grading is non-trivial and d acts non-trivially: in this case, necessarily
d = ad,(aeqa), for some a € F. We study this case below. Since this is
the sole new case, from now on, an H,,-action on UT5 means a non-trivial
grading on UT, with a non-trivial action of d always on UT5.

Notice that by Theorem 11, if « is an automorphism of UT5 of degree m and
is a primitive m-th root of unity, then

o T11 T12 _( T vt
0 29 0 22 ’
Tl T12 (0 a(zee —x11)
i) (%5 222)) = (o "2 ™)

whereas
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0
0 T22 0
hipothesis of Theorem 11.

Now we are ready to state our result about H,,-polynomial identities of UT5.

for any ( L1 T2 ) € UT,(F) and for a suitable y = ( 8 > satisfying the

Theorem 17. For each j = 0,1,2,...,m — 1, let B; = 2:01 yitct.  Denote
Y = xfo, zi = :z:fl. Then the THm-ideal of UTy is generated by the following

polynomials:

[y1792]7 leh227 Zda xd2> yilxhyg? xﬁja
where h € Hy,, and j =2,...,m — 1.
Moreover, for every n > 0 a linear basis for the space PEm(UTy) is given by the

following sets of polynomials:

® US = Yiy " Yir, AYigr " Yina

© U=y Yn

® Ws = Yiy "'yikydyikﬂ Y1y
where S denotes the ordered k-tuple (i1,...,i), i; € {1,...,n} and all the other
indezes are ordered. Finally

cHm(UTy) =n2™ 41
for everyn > 1.

Proof. For the sake of simplicity we shall only show the proof for m = 2 because

the other cases can be treated similarly. Moreover until the end of the proof we

will denote H := H,. Direct computations show the polynomials above are H-

identities for UTy. Let I be the TH-ideal generated by those polynomials and let

us prove it equals IdH(UTg). Let f = f(z1,...,2,) be an H-polynomial. Because

the characteristic of the field is 0 we may suppose f being multilinear of degree n.
Because of Proposition 14 we have

F(X|Hz) = F{Y U Z|Dy),

where Y = {y1,92, ...}, {21, 22,...} are Zy-graded variables and for every i € N we
have y; = x; + xf whereas z; = x; — x§. From now on we shall consider f as an
element of F(YUZ|D,)/I. Immediately we get f = au+)_ ¢ asus+> , frws with
a,ag,Br € F and S and T are defined as above. Now we consider the substitution
map y +— Iz, where Iy denotes the identity of UT5, which annihilates wg for every
wg. Hence by Proposition 16 and its proof we get @ = ag = 0 for every S. Now
it remains to study the polynomials wg. We define a deg-lex order on the set of
ordered k-tuples S and let S’ being maximal among those so that its coefficient in
the decomposition of f is non-zero. Then we consider the substitution map

Yi > e11, Y — ea, y > A,

where i is an entry of S, j € {1,...,n} — 8" and A is so that A% # 0. This
substitution annihilates every wg such that S # S’ which means ag: = 0, then
repeat until all coefficients are 0 and we are done.

Let us consider now n > 1, then the number of polynomials ug and wg is given

by Ypzo (") so

n—1
-1
PUTy) =1+2n) (”k ) =n2" 41
k=0
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and this completes the proof. O
Corollary 18. The H,,-exponent of UTs is 2.

We recall that given an H-module algebra A, the variety generated by A is the

class
VH(A) = {B H-module algebra|ld” (4) C 1d"(B)}.

We can speak of H-identities, codimensions, exponent, etc. of a variety V simply
referring to the H-module algebra generating V. Any variety which exponent is 2
and so that any proper subvariety has exponent 1 is said to be of almost polynomial
growth. Varieties of almost polynomial growth are important objects of study in
the theory of algebras with polynomial identities. For our intents we would only
like to cite the paper [28] by Valenti in which varieties of graded algebras of almost
polynomial growth are characterized. In particular we get UT, with any elemen-
tary G-grading generates a variety of almost polynomial growth. The next is an
important remark on the purpose.

Remark 19. Let F be a field containing a primitive m-th root of unit and so that
its characteristic does not divide m. Let A be an F-algebra and do consider H,,.
Suppose further A being Z,,-graded. Then A is an H,,-module algebra too if you
consider the trivial skew-derivation and let us denote such a structure by A9".
Consider now the H,,-module algebras UTY" and UT,, where the last is one so
that the skew-derivation does not act trivially. In this case

UTy" € VI (UTy).

At the light of the previous remark and the discussion above, we get the next
result.

Proposition 20. The H,,-module algebra UTy does not generate a variety of al-
most polynomial growth.

6. A NOTE ON ACTIONS OF POINTED COCOMMUTATIVE HOPF ALGEBRAS ON
FINITE DIMENSIONAL ALGEBRAS

In this section, we study the structure of H-module algebras of a particular
subset of pointed cocommutative Hopf algebras H. Every algebra here is supposed
to be associative.

We consider the following structure generated by the action of a Hopf algebra
H.

Definition 2. Let A be an H-module algebra over a field F. Then the smash
product algebra H# A is defined as follows: as a vector space H#A = H ® A and
we write h#a instead of h ® a while the multiplication is given by

(h#ta)(k#b) = > hok#ta(hy - b),
for all a,b € A, h,k € H.

It is easy to see A =2 1# A and H = H#1. We also recall for a given Hopf algebra
(H, A, ¢) we define the set of group-like elements as

G(H):={h € HIA(h) =h® h},
while we define the set of primitive elements as
P(H):={he€ HIA(h)=h®1+4+1® h}.
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Notice that if g is a Lie algebra and U(g) is its universal enveloping algebra, then
PU(g)) = g

Moreover a Hopf algebra is said to be pointed if every simple subcoalgebra has
dimension 1 whereas it is said to be connected if the sum of its simple subcoalge-
bras has dimension 1. We have a nice description of pointed cocommutative Hopf
algebras attributed to Cartier and Gabriel in [8] and to Konstant in [26].

Theorem 21. Let H be a Hopf algebra with G = G(H), then if H is pointed
cocommutative we get FG#H, = H via x#h — xh for any x € G, h € H, where
H, is a suitable sub Hopf algebra of H containing the unit element. ([l

In the connected case we have the next result due to the independent works by
Cartier [5] and Kostant which remained unpublished.

Theorem 22. Let H be a cocommutative connected Hopf algebra over a field of
characteristic 0. Then H =2 U(g) for g = P(H). O

Keeping in mind these last two classical results, we assume F' is an algebraically
closed field of characteristic zero and H = FG#H,, where G = G(H) is a finite
abelian group, H; is a FG-module algebra via g - h = ghg™! for ¢ € G, h € Hy,
and Hy = U(g), where g = P(H;) (the set of primitive elements).

We first note that G-g C g. Thus g is a G-graded algebra and, since G is abelian,
this G-grading on g induces a G-grading on U(g).

Now let A be a finite dimensional H-module algebra. Then A is a G-graded
algebra because, as remarked before, F'G can be identified as a subalgebra of H.
Moreover, the G-grading on A induces naturally a G-grading on Endg(A) and then
a G-grading on Der(A), the set of all derivations of A. Also, we get g acts as a set
of derivations on A. This means we have a Lie homomorphism

t:g— Der(A)

which is a graded homomorphism too. Hence, we have a graded homomorphism
U(g) — Endp(A).

Conversely, a G-grading on A and on g and a graded Lie homomorphism g —
Der(A) defines a structure of H-module algebra on A. This is the content of the
next result.

Theorem 23. Let F' be an algebraically closed field of characteristic zero. Let H =
FG#U(g), then a structure of H-module algebra on a finite-dimensional algebra A
is uniquely determined by
(i) a G-grading on A,
(ii) a G-grading on g,
(i) @ graded Lie homomorphism g — Der(A).
O

Looking back at the previous result, we can also consider graded differential
polynomials, that is, graded polynomials under the action of the graded Lie algebra
g. In this case, using Theorem 23, the H,,-identities coincide with the differential
graded polynomial identities. More precisely, we get the next result.

Proposition 24. Let g be a graded Lie algebra and let A be a finite-dimensional
associative g-module algebra. Then

I1d%(A) = 1do7V @) (A).
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Because of the work [29] every G-grading on UT,, is elementary thus is generated
by an n-tuple (g1,...,9,) € G™. As mentioned before (see Proposition 10), every
derivation of UT,, is inner. This leads us to the next conclusion.

Theorem 25. Let F' be an algebraically closed field of characteristic zero. Let H be
a Hopf algebra as above. Then a structure of H-module algebra on UT,, is uniquely
determined by

(i) an n-tuple (g1,...,9n) € G™,
(ii) a G-grading on g,

(iii) a graded Lie homomorphism g — urt).

7. ACKNOWLEDGMENTS

The research of the first author is partially supported by FAPESP grant 2018/02108-
7 and by CNPq grant 308800/2018-4. The second author was financed by the Co-
ordenagdo de Aperfeigoamento de Pessoal de Nivel Superior - Brasil (CAPES) -
Finance Code 001.

REFERENCES

[1] E. Aljadeff, A. Giambruno, Multialternating graded polynomials and growth of polynomial
identities, Proc. Amer. Math. Soc. 141(9) (2013), 3055-3065.

[2] E. Aljadeff, A. Giambruno, D. La Mattina, Graded polynomial identities and exponential
growth, J. Reine Angew. Math. 650 (2011), 83-100.

[3] Y. Bahturin, F. Yasumura, Distinguishing simple algebras by means of polynomial identities,
S&o Paulo J. Math. Sci. 13(1) (2019), 39-72.

[4] F. Benanti, A. Giambruno, M. Pipitone, Polynomial identities on superalgebras and exponen-
tial growth, J. Algebra 269 (2003), 422-438.

[5] P. Cartier, Groupes algébriques et groupes formels, in Coll. sur la théorie des groupes
algébriques, Bruxelles, CBRM, 1962.

[6] L. Centrone, Action of Pontryagin dual of semilattices on graded algebras, Comm. Algebra
42(8) (2014), 3491-3506.

[7] A. Davidov, Full Centre of an H-Module Algebra, Comm. Algebra 40(1) (2012), 273-290.

[8] J. Dieudonné, Introduction to the Theory of Formal Groups, Marcel Dekker, New York, 1973.

[9] O.Di Vincenzo, P. Koshlukov, A. Valenti, Gradings on the algebra of upper triangular matrices
and their graded identities, J. Algebra 275 (2004), 550-566.

[10] V. Drensky, Free algebras and PI-algebras. Graduate course in algebra, Springer-Verlag Sin-
gapore, Singapore, 2000.

[11] A.Elduque, M. Kochetov, Gradings on simple Lie algebras, Mathematical Surveys and Mono-
graphs, vol. 189, American Mathematical Society, 2013.

[12] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories, Ann. Math. 162(2) (2005), 581-642.

[13] A. Giambruno, D. La Mattina, Graded polynomial identities and codimensions: computing
the exponential growth, Adv. Math. 225 (2010), 859-881.

[14] A. Giambruno, M. Zaicev, Polynomial identities and asymptotic methods, Math. Surveys
and Monographs 122, AMS, Providence, RI, 2005.

[15] A. Giambruno, M. V. Zaicev, Ezponential codimension growth of P.I. algebras: an ezact
estimate, Adv. Math. 142 (1999), 221-243.

[16] A. S. Gordienko, Algebras simple with respect to a Sweedler’s algebra action, J. Alg. Appl.
14(1) (2015), 1-15.

[17] A. S. Gordienko, Algebras simple with respect to a Taft algebra action, J. Pure and Appl.
Alg. 219(8) (2015), 3279-3291.

(18] A. Gordienko, Lie algebras simple with respect to a Taft algebra action, J. Algebra 517
(2019), 249-275.

[19] N. Jacobson, Basic algebra. II. Second edition. W. H. Freeman and Company, New York,
1989.



16 L. CENTRONE AND F. YASUMURA

[20] Y. Karasik, Kemer’s theory for H-module algebras with application to the PI exponent, J.
Algebra 457 (2016), 194-227.

[21] L. Kong, I. Runkel, Morita classes of algebras in modular tensor categories, Adv. Math.
219(2008), 1548-1576.

[22] P. Koshlukov, A. Valenti, Graded identities for the algebra of n X n upper triangular matrices
over an infinite field, Internat. J. Algebra Comput. 13(5) (2003), 517-526.

[23] S. Montgomery, H.-J. Schneider, Skew derivations of finite-dimensional algebras and actions
of the double of the Taft Hopf algebra, Tsukuba J. Math. 25(2) (2001), 337-358

[24] S.-H. Ng, Non-semisimple Hopf algebras of dimension p?, Journal of Algebra 255 (2002),
182-197.

[25] B. E. Sagan, The Symmetric Group: Representations, Combinatorial Algorithms, and Sym-
metric Functions, Graduate Texts in Mathematics 203, Springer Verlag, 2000.

[26] M. E. Sweedler, Hopf Algebras, Benjamin, New York, 1969.

[27] A. Valenti, The graded identities of upper triangular matrices of size two, J. Pure Appl.
Algebra 172 (2002), 325-335.

[28] A. Valenti, Group graded algebras and almost polynomial growth, J. Algebra 334(1) (2011),
247-254.

[29] A. Valenti, M. Zaicev, Group gradings on upper triangular matrices, Arc. Math. 89 (2007),
33-40.

CAMPUS UNIVERSITARIO " ERNESTO QUAGLIARELLO”-UNIVERSITA DEGLI STUDI DI BARI ALDO
MORO, ViA E. ORABONA 4 - 70125 BARI - ITALY

IMECC, UNIVERSIDADE ESTADUAL DE CAMPINAS, RUA SERGIO BUARQUE DE HOLANDA 651-
13083-859 CAMPINAS (SP)-BRAZIL
Email address: lucio.centrone@uniba.it, centrone@unicamp.br

DEPARTMENT OF MATHEMATICS, INSTITUTO DE MATEMATICA E ESTATISTICA, UNIVERSIDADE DE
SAO PAULO, BRAZIL
Email address: fyyasumura@ime.usp.br



