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WHAT is THIS TALK ABOUT ?
= = -_ I #

⑦ LIE ABRe - - -
- -→ D - dim Lie algebras

of geometric type .

⑤scstr - - -→ PHI:S!
"

me anics
.

QoT BI sYmiES - - - → reduced

phase spaces .

PH.D . THESIS - DIEGO LOPEZ(
MEDELLIN

,
Colombia

)



⑦ Ll ALGEBRdS

Lie algebras C
,
T : g x g - g①

= =

:

-

• 112 - bi linear & skew - symmetric
• Jacobi identity .

e. g . gender) ,
seok)

, uh) ( Ein Esionae)

• . . Vector fields ft
= =

: 3€
* ( m) e - - - INFINITE DIMENSIONAL ! !

11

M ( TMI
,
-

→
FINITE DIMENSIONAL OBJECT

.



VECTOR BUNDLE

A LIL ALGEBr_ is A s M

with :

① Lie bracket C
, Ta : r (A) xr (A)→MA)

bundle map Sa : A →TM ( A Nmcnttpor)

satisfying :

[ a , f. b)
a

= f [ a ,
b] + ( Safa) . f) b

tf a. be r( A)
, f E C- ( m).



MODULE

→
1 LEIBNIZ

( m ) ! rue . MCA)

LieASSOCIATIVE
DERIVATION

ALGEBRA ALGEBRA.

Lie- Rinehart pair .



EXAMPLES
I

② Finite dimensional - LIE ALGEBRA'D OVER

-

Lie algebra A Point A- *
.

-

• A = TM
② Tangent bundle T

. [
, ]a= bracket of

TM- M vector fields
• SA = id : TM-TM

-

• A = F
③ Regular involute -

• [
, ]a= bracket ofdistribution

vector fields

F E TM
• Sa = E : Fatou



④ Infinitesimal - • A = M x g- M

action - • ga : Mx 9
- TM

g- *(m) ( p , u) 1- Um ( p)
u 1- Um

• u
, ve g → r( A)
[u ,
→
a
= [u , -7g



⑤ Po_N Structures .

-

{ , } : C- (m) x c-(m)- c-(m)

⑥ R - bilinear & skew-symmetric

{ f
,

. } E Der ( C - (m))
i Jacobi identity

EQALENT to: ④ bivector IT E r ( NTM)
⑤ [ it ,

it] = O

SCHOUTEN BRACKET.



Ass_E LIE ALGEBRs

( M ,
t ) up

• A = Tim - M

cotangent bundle
µ-#

• SA = T*M- TM

•
C

, Ta on
R' (m)

[ elf , dog?
,

= ol { f ,
8}
,



ITEM ( NZTM) ,
zero if L ,

3=0

it
# I

1-
*
M-TM -

-
- - - →

constant rank

\

,
IT REGULAR Poisson

d teeth ,
. ) 'n

'

ay isomorphism
#

i

#

TM -wT*M

WE#(m) 2 - form

d. w = O-
W E Df(m) SYMPLECMC

FORM .



⑥ b - TANGENT B.UNDLES
# =

MELROSE : differential operators on manifolds

( Est - tsxc.nu?ithormbITuTEormax.onsa--sympieuic)
manifolds with boundary .

1¥ : A b-mnfo is a pair ( M ,
Z)

where M is a manifold and Z C M

is a codimension 1 submanifold -



① n an adapted local chart ( xn ,
. . .

,
Xn)

Z = { x . = o )
.

• Look at
b
# (M) set of vector fields

on M tangent to Z
# = =

a

• Locally free ( m) - module generated by :

Xn 2-
,
2-

,
• a •

,
2-

2X
,

2×2 2X
-

↳

T M - M vector bundle
.• it gives

b- TANGENT BUNDLE
+

-



b-
TM → M is a Lie algebra'd . ! !

• BRnET :
# (m) E Tt (m)

• ANSHI : BTM 5- TM

induced by the inclusion

↳

*( m) → * (m)



Lei A s VI DG

(A , C. Ia , Sa) uns
R'
'

( A) = r ( APA
't)

D. ( A) = pot APCA)

Ca) rt
"

CA)
w 1- draw

(daw ) ( an ,
. . .

, apt.) = ⇐ C- it
"

Lgacawi,(
ai

,
. . .la?iio-iap+ .)

+ fejtwfcai ,ajTa ,
. . . ,ai , . . . ,aJ ,

- - n

,

Apte )



Properties :
⑤ da ( Wnc) = (daw )n2 t fill"wn day

④ off = 0 .

i. e. ( D) (A)
,
da) DIFFERENTIAL GRADED

ALGEBRA .



CONSEQUENCES
=

i

① talk about Lie algebra'd cGy ! !

natural notion of Morphisms ! !

A Es B sE( B) ¥sr•( a)
L t una

m - N commutes with the

4
differentials .



⑤Sc structures

WI trave seed : symplectic 2 - form on M

is non- degenerate and closed .

Deep : A Sc LIE ALGEBro_ is a

Lie algebra'd A- M with WERE (A)
11

nondegenerate and closed
. P ( NZ Att )

( i.e .
A At isomorphism

gda w = O



EXAMPLES
=

infinitesimal data① Symplectic Lie algebras .

- - →

(G ,
w) syrup .

Lie group
with

W left - invariant .

• . . affine structures ( Medina)

② Tangent bundles of symplectic manifolds

• we Ilm) = r ( n't'm)
• ola = ele Rham .

③ Regular Poisson - -
-→

• A = im I
#
ETM

structure

it c- r(n7m )
. wc.it#K)

,
it
#

Cps)

= ALL , p).



④ lc structures .

E : 9 Lie algebra dimension 2
.

[ en ,
ez ] = ez

Poisson structure on g* given by .

-

it = Y # ^ IT
y
^

W =

f- olxnoly
• IT is symplectic

.
. } .
:*:[I
but controlled .

2- = { y=o }



1¥ : A Poisson manifold ( M
"

,
it) is

LOG- SYMPLECTIC NYT : M→ NZ"TM
#

it

vanishes transverseally .

Z := { p E M j (Nlt) (p) = O } ZERO Lows

is a codimension 1 submanifold of
M

-

• . .
look at the b- tangent bundle of (M ,

Z)
.

mpg
b - cotangent bundle

b. TAM



-
bw# bw eR(NZbT*m)← - - - - -b

#M - -
- - - -→ BTM

n be#

5- / Is
1-
*

M- TM

*#

(BTM ,
- bw ) is a symplectic Lie algebra'd .

Conclusion . See certain Poisson structures
#

•

as if they were symplectic ! !



OTHER EXAMPLES
- -_

:

• Ralph Klaasse ( Ph -
D

.
Thesis Utrecht )
2017

.

•
Liu - Sheng - Bai ( Dirac structures )

•
de Lein - Marrero - Matinee ( GMT!s)

•
Liu - Sheng - Bai - Chen ( Left- symmetric algebra'd)

• Lyabehovich - Sharapov ( B.RST quantization)



REDu

DIEGO Lopez Ph.D . THESIS( UNIVERSIDAD DE ANTIOQUIA
,
MEDELLIN - COLOMBIA

)
EXAMPLE • symplectic Lie algebra
=

: (9 ,
w)

• te E g Lie subalgebra

• Wh :
text-R restriction ( TITLES:c )

• tassone : k = deer Wh E te is an ideal
.

9- .

so : I := tha Lie algebra ; te- te

surjective
Lie algebra map.



~

CONSEQUENCE inherits a unique
=

: h

we E NI)* symplectic structure

characterized by :

qtwn = W

tu te .

-

Dardic - Medina
"

symplectic double

extensions of
Lie

algebras
"

.



Exttmple ( Pre symplectic reduction)
.

WE N( m) closed with constant rank
.

i.e
.

F := her W E TM regular distribution
-

INVOLUM'VE ! !

Assume : F gives a simple foliation F .

=

ie .

M~i= Mfs mad .

& M F- NT

surf . submersion .

⇒ NT inherits unique symplectic structure of

characterized by :

g-
* I = w .



Question ① F E TM ideal ?

Q= ② : Notion of ideal in a Lie algebra'd?

③ : Quotients of
Lie algebraists ?



MACKENZIE - HIGGINS • K E A Lie subalgebra'd
← =

:

• ¥ € Rep (Mxmnm- M)

fibers •
ideal conditions

tint A
action

→
- -

a quotient
of
'

r k -

- e

-
-

→ n

A - - -- -→ A

FIBRATION

J - I LIE ALGEBRA'D

M-
NT

9-

SURJECTIVE

SUBMERSION



•
Reduction of symplectic algebraists

by ideal systems .

Unifies :
•
Lie algebras

=
.
Marsden - Weinstein

• Marrero

• Log - symplectic reduction . ( e -od - CITIES)
•
Reduction of left- symmetric algebraists.

•
Reduction of symplectic connections

.

• Symplectic double extensions in the

algebra'd setting .



OTHER QUESTIONS
-_ #

i

① More flexible connections ( up to homotopy )

② log-symplectr.cc# :

• IT E
#(m) lifts to a symplectic algebraist .

structure .

( Gualtieri - Li : symplectic group- ids )

• CA ,
w) → M

up symplectic groupies ?
W

Poisson ! !



① BRIG ADO ! !
=.


