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[. STACKS AND GROUP ACTIONS

Quotient Problem for smooth manifolds.

e X smooth manifold, G Lie group with a smooth free (and proper) action p: G x X — X. Then we have:
(i) The quotient X/G exists as a smooth manifold and the quotient morphism 7 : X — X/G is a submersion and principal
G-bundle.

(ii) For any smooth manifold 7" and map f : T'— X/G have pullback diagram

E—".Xx

-k

T x/q

So, f defines a submersion and principal G-bundle 7 : E — T plus G-equivariant morphism p : £ — X.
e Orbit types of G form stratification of X and give means to study the geometry of X.
e If G is compact, then action is always proper.

e Question. What happens if the action is not free?



[. STACKS AND GROUP ACTIONS

Let Diff be the (big) site of local diffeomorphisms on the category of smooth manifolds and smooth maps.

Definition 1. A stack is a ’sheaf of groupoids’ over the site Diff i. e., a pseudofunctor
M : Dift? — Grpds

satisfying appropriate glueing axioms for objects, morphisms and coverings with respect to the site Diff. A morphism of stacks
F: M — 4 is given by functors for any object T € Diff

Fi . M(T) — A (T)
and natural transformations for any morphism f : 7" — T

Ff:f*oF;> Fyo f".

Remark. Stacks over the site Diff form a 2-category St



[. STACKS AND GROUP ACTIONS

Example 1. To any smooth manifold X &€ Diff can associate a pseudofunctor, the stack X represented by X given by
X = Map(—, X) : Diff”” — Grpds
which assigns to any smooth manifold 7" € Diff the set of all smooth maps Map(7, X) between T" and X.

Example 2. Let G be a Lie group. Consider the pseudofunctor, the classifying stack BG of G given by
BG : Diff’? — Grpds
which assigns to any smooth manifold 7" € Diff the groupoid BG(T') of principal G-bundles or G-torsors over 7.

Example 3. Let G be a Lie group and X € Diff a smooth manifold with action p : G x X — X. Consider the pseudofunctor, the
quotient stack [X/G] given by

[X/G] : Diff”? — Grpds
which assigns to any smooth manifold 7" € Diff the groupoid
[X/G)(T) = <(E T, E* X): x principal G-bundle, z G—equivariant> .
Furthermore have
e (1-morphism) functors induced by pullbacks of principal G-bundles bundles, i. e. (f:T" — T) — (f*: [X/G)(T) — [X/G)(T"))
e (2-morphisms) natural isomorphism between pullback functors i. e. (17" % T" EN T)w— (epg:g 0 f*=(fog))

If X =% 1i. e., apoint with trivial G-action, then [x/G] = BG.



[. STACKS AND GROUP ACTIONS

¢ (Every sheaf is a stack) Any sheaf F : Diff” — Sets is a stack by considering the sets F(T') as groupoids.

e (Representable morphisms of stacks) A morphism of stacks M — .4 is representable if for any morphism Y — .4 the
fibre product M x_, Y is a stack isomorphic to a smooth manifold X, i. e. to the stack X = Homp;g(—, X), i.e. the fibre product
is represented by a manifold

M
N

X

12

XJVY—>'

!

¢ (2-Yoneda Lemma) [Giraud, Hakim]
Let M be a stack over Diff and T a smooth manifold. There is an equivalence of categories

0 : Homsaens(T, M) — M(T), (f : T — M) — f(idy)



[. STACKS AND GROUP ACTIONS

Definition 2. A stack M : Diff’” — Grpds is called a differentiable stack if there exists a smooth manifold X and a morphism of
stacks p : X — M such that:

e For any morphism Y — M the fibre product M x _, Y is a stack isomorphic to a smooth manifold.

e D is a surjective submersion i.e., for any morphism Y — M, the projection M x _, Y — Y is a surjective submersion.

The morphism p : X — M is called an atlas or presentation for M.

Slogan. We get a 'space’ when adding geometry to a set and get a stack when adding geometry to a groupoid. Points in a stack come
equipped with a bunch of relations, telling us which points are isomorphic to each other.

A differentiable stack in addition has an atlas given by a ’space’ covering the stack, so we can study the geometry of differentiable stacks
using the geometry of spaces.



[. STACKS AND GROUP ACTIONS

Theorem 1. [X/G] is a differentiable stack.

Proof (Sketch). Construction of atlas p. Trivial G-bundle G x X | X with action p : G x X — X gives object in groupoid [X/G](X),
i. e. defines a morphism of stacks p: X — [X/G].

Properties of p. For any smooth manifold 7" and any morphism f : T — [X/G], let 7 : E | T be the corresponding principal G-bundle
with G-equivariant morphism g : £ — X, then T xx/q X = L.

E =L T
T x/q]

p is surjective submersion because 7 is for every f. [



[. STACKS AND GROUP ACTIONS

Quotient Problem for differentiable stacks.

Group actions on stacks

Algebraic stacks: Kontsevich (1995) Laumon-Moret-Baily (2000), Bertin-Mézard (2000), Abramovich-Corti-Vistoli (2003) ..
Romagny (2005): Constructions of quotient and fixed point stacks

Topological stacks: Noohi (2007), Ginot-Noohi (2012) ...

Definition 3. Let GG be a Lie group and M a differentiable stack with atlas X — M. A G-action on M is a morphism of stacks
G x M — M together with 2-morphisms « and [, such that for each T" € Diff, the following diagrams

G x G x M(T) 22T G M(T)

x| / luT

G x M(T (T)

and

G x M(T (T)

eXZdM(T)T %)
T

are 2-commutative, that is, for every T' € Diff the follovvlng holds, where the dot - denotes the action u:
(1) (g g p)ag = ’gf'ﬁoz;"hk, for all g, h,k € G and x € M(T).
(2) (g-B%)ag, =14p = B97ag , for every g € G, x € M(T) and e the identity in G.

And where of ;, 1 g (h-z) — (gh) zand 7 :x —e-xin M(T).

Definition 4. The 4-tuple (M, u, o, ) is called a G-stack, where u is the G-action on M.



[. STACKS AND GROUP ACTIONS

Definition 5. A 1-morphism of G-stacks between (M, i, «, 3) and (N, v,7,0) is a morphism of stacks F' : M — N together with a
2-morphism ¢ and the following 2-commutative diagram

GxM—L—5 M
idefl / lf
GxN ——— N
such that, for every T' € Diff

(1) ol*(g- aﬁ)vj,(f) = F(ag,)oy,, for every g,h € G and z € M(T).
(2) F(8%)o® = §7@  for every object x € M(T) and e the identity element of G.

where o7 : F(g-x) — g- F(x) in N(T).

Definition 6. A 2-morphism of G-stacks between 1-morphism of G-stacks, (F, o) and (F’,0’), is a 2-morphism of stacks ¢ : F' = F’

such that
(3) (62)(g - bz) = (dg)(0,) for every g € G and x € M(T).
Here ¢, : F(z) — F'(x) denotes the 2-morphism ¢ when applied to z € M(T).

Remark. G-stacks over Diff form a 2-category G—-St.

Remark. A G-action of a Lie group GG on a smooth manifold M coincides with a stacky G-action where the diagrams are now strictly
commutative instead. Similarly, the notion of a G-equivariant smooth maps in Diff gives a morphism of G-stacks.



[. STACKS AND GROUP ACTIONS

Definition 7 (Quotient stack). Let G be a Lie group acting on a differentiable stack M. Consider the pseudo-functor
M/G : Diff” — Grpds

such that for each T" € Diff, an element in M /G(T) is a triple t = (p, f, o) such that p : E — T is a principal G-bundle and (f,o) : E - M
is an equivariant morphism. The arrows in M /G(T) are pairs (u, ) with a G-morphism v : F — E’ and a 2-commutative diagram of

G-stacks
E v y B/
\0‘/> /
(f,o) (f'0")
M

If there is a smooth map T 2 S, then there exists a morphism M /G(S) = M/G(T) given by the pullback diagram
(f,0)
> M

TxgF » I

|

T—" 5

RS

where M/G(h) = h*.
Proposition 1. Let G be a Lie group with an action on a differentiable stack M. The pseudofunctor M /G is a stack.

Proof. Since it is possible to glue principal G-bundles, the gluing conditions in the definition of a stack hold. Therefore the quotient M /G
is indeed a stack. [

Example 4. Let X be a smooth manifold with an action by a Lie group G. Then we recover the usual quotient stack [X /G| defined for
each T' € Diff via the groupoid of sections as

[ X/G|(T) = <(E 5T, EL X) @ wis a principal G-bundle, y is an equivariant map> .



[. STACKS AND GROUP ACTIONS

Definition 8 (Differentiable G-stack). . Let G be a Lie group. A G-stack M is called a differentiable G-stack if there is a smooth
manifold X with a smooth action ¢ : G x X — X and a 1-morphism of G-stacks p : X — M such that:

(1) p is representable.
(2) pis a submersion.

The morphism p : X — M is called a G-atlas for M.

Remark 1. We obtain a 2-category of differentiable G-stacks denoted by G-Diff St.

Proposition 2. Let M be a differentiable G-stack with G-atlas given by X 2 M. If o is the smooth action of G on X, this action
induces a simplicial smooth action o, on the nerve of the associated Lie groupoid (X Xy X = X).



[. STACKS AND GROUP ACTIONS

Proposition 3. Let M be a differentiable G-stack and let X £ M be a G-atlas. Then M /G is a differentiable stack and the composition
X ML M/G is an atlas.

Proof. We observe that the morphisms p and ¢ have local sections, so it remains to check that ¢q o p is representable. We consider the
coverings {U; — T'} and {U;; — U, } such that the first one is a local section for ¢ and the second one a local section for p. Hence we get
the following commutative diagram

Uj xm X — X

l lp

U X e M —— M

| [

Us: s U s T > M/G

Thus if we glue every U;; x o4 X using this local section, we get a smooth manifold and as the diagram commutes we see that T' x /g X
is also a smooth manifold and so the quotient stack M /G is a differentiable stack. [

Remark. The morphism ¢ : M — M /G is a principal G-bundle, so there exist an associated classifying morphism v : M/G — BG to
the classifying stack BG and we obtain the following 2-cartesian square

M —

]
M/G —— BG
The canonical morphism of differentiable stacks ¢ : M — M/G is actually the universal principal G-bundle over M /G.



II. EQUIVARIANT COHOMOLOGY OF STACKS

Let M be a differentiable stack with atlas X — M. Consider the nerve X, of its associated Lie groupoid (X x, X =% X) and the
(simplicial) de Rham complex

(Qar(Xe), D = dar + 9) ,
where 0 is the differential operator defined via pullbacks of face maps in the simplicial structure of the nerve of (X X X = X) and dyg
is the exterior derivative of the de Rham complex for smooth manifolds and

Lip(X) = P p(X,)

ptg=n
with QF,(X,) the sheaf of differential ¢-forms on the smooth manifold X,. Let H}(X,) be the cohomology of (x(X,.),D). This
cohomology is invariant under Morita equivalence of Lie groupoids. Thus, gives well-defined algebraic invariant for differentiable stacks.

Definition 9. Let M be a differentiable stack with atlas X — M. The de Rham cohomology of M is defined as
Hjp(M) = Hjp(Xe).
The de Rham cohomology of X, is isomorphic to singular cohomology of its fat geometric realisation i.e., of quotient space

Xl = llp = X,ll = [ A7 x X,/ ~

peN

with identifications (9%, z) ~ (t,d;z) for any = € X,,, t € AP™1 4,7 =0,...,n and p.
Theorem 2 (de Rham theorem, Behrend 2004). For a given differentiable stack M, there is an isomorphism
Hip(M) = Hp o (M, R).

Definition 10. Let M be a differentiable stack with atlas X — M. The homotopy type of the differentiable stack M is given by the
homotopy type of the fat geometric realisation || X,|| of the nerve X, of the associated Lie groupoid (X xu X = X).



II. EQUIVARIANT COHOMOLOGY OF STACKS

Definition 11. A sheaf § (of abelian groups) on a differentiable stack M is collection of sheaves Fx_as (of abelian groups) for
any morphism X — M, where X is a smooth manifold such that for every triangle

there is sheaf morphism @, : f*§y_am — Fx—m such that for

x Jtiy_ 9.7
NS
M

have @y r o f* Py o = Pyofey fog- § is called cartesian if the @4 ; are isomorphisms.

Let § be a sheaf of abelian groups on a differentiable stack M. Consider injective resolution 0 — § — K9 and double complex of global
sections

N** =T(X,, K*)
with differentials given by simplicial differential 0 and resolution differential dx. This cohomology is the sheaf cohomology of M and
will be denoted by H*(M,§).

For complex §° of sheaves of abelian groups on M with atlas X — M get hypercohomology of M with coefficients §°
H(M,§o—=>8 — = Fn) = HM,F) = H(X,,5°).



II. EQUIVARIANT COHOMOLOGY OF STACKS

Models for equivariant cohomology: Borel, Cartan, Getzler

Let G be a Lie group, M a differentiable G-stack with G-atlas X %> M. We denote the action on M by G with p: G x M — M and
the action on X by G with o : G x X — X. Get atlas for the quotient stack X & M %4 M/G.

Proposition 4. There is a 2-commutative diagram
GxM—Lm M
[
M —L = M/G
and the functor (pro, ) : G X M — M Xy M is an isomorphism of stacks.

Therefore, we can consider the following 2-commutative diagram, which is a modification of the one above, using the fact that there is
also an induced action of the Lie group G on the atlas X of the stack M:

E—GxX —Y—— X

Iz Jidex |?

Gx X B g M — s M

[ [ |
X P M —L— M/G

From this we can now conclude the following crucial property

g

Proposition 5. There is an equivalence of stacks given by
XXM/GX%J(GXX) XMXgGX<XXMX>



II. EQUIVARIANT COHOMOLOGY OF STACKS

Borel model

Theorem 3. Let G be a Lie group and M a differentiable G-stack with G-atlas X — M then
H*(M/G,R) = H(EG X¢ || X.|,R),

where || X,|| is the fat geometric realisation of the associated simplicial smooth manifold X,.

Example 5. If M is a smooth manifold X recover equivariant cohomology for smooth G-manifolds. Namely, since
(GxX)xxy X=2GExX

with maps of associated Lie groupoid (G x X = X)) given by action map p : G x X — X and projection map prs : G X X — X coincides
with the transformation groupoid and so gives the Borel construction EG X X. Therefore de Rham cohomology of [X/G] is given as:

Hip([X/G]) = HY(EG x¢ X, R),

In the general situation we get the Borel model of equivariant cohomology for the G-stack M

Definition 12. (Borel model) Let G be a Lie group and M a differentiable G-stack with a G-atlas X % M. The equivariant
cohomology H}.(M, R) of M is given by
HE(M, R) - H*(M/G7 R),

where R is any commutative ring R with unit.

Remak.(Deligne) This definition of equivariant cohomology in fact makes sense for any cartesian sheaf or complex of cartesian sheaves
given on the quotient stack M /G.



II. EQUIVARIANT COHOMOLOGY OF STACKS

Cartan model
Let G be a compact Lie group. Consider the simplicial smooth action o, induced by o on X,. Have associated complex (C*, D — 1) of
simplicial equivariant forms

e = @ (S7(g¥) @ Qp(X,)6)

qg+r=m
where g denotes the Lie algebra of GG, with D the differential defined for the de Rham complexand ¢ is the interior multiplication by the
fundamental vector field.

The cohomology of this complex C'* is given by
Hg(Xe) = HY(EG xg || X[, R)

And we get the Cartan model of equivariant cohomology for the G-stack M

Hi(M,R) = H(M/G,R) = H;(X,).

We have the double complex (C**, D, ) of invariant forms with

SN

s+r=q—p

with vertical operator D and horizontal operator «¢.

Filtering this double complex C'** = {C??} in the standard way gives rise to a spectral sequence

Theorem 4. The E-term of the spectral sequence for the double complex C** of invariant forms is given as
EPT = (SP(gY) ® HI™P(X,,R))Y = H;(M,R)

If G is connected, then EV? = SP(gV)% @ HIP(X,,R)



II. EQUIVARIANT COHOMOLOGY OF STACKS

Theorem 5. Let G be compact connected Lie group, K closed subgroup of G. Suppose that the restriction map
S(g")" — S(e")"
1s an isomorphism. Then the induced map in equivariant cohomology is also an isomorphism

Ho(M,R) S Hi(M,R).

Theorem 6. Let G be connected compact Lie group, T mazimal torus of G, W the Weyl group and M be a differentiable G-stack. Then
we have

H(M.R) = Hy(M,R)Y.



II. EQUIVARIANT COHOMOLOGY OF STACKS

Getzler model
Let G be any Lie group. Consider X, = {X,,}. Define vector spaces C?(G, S*(g") ® Qz(X,)) of smooth maps
G" — 5(g") @ Qp(Xy)
from the p-fold cartesian product G? to S*(g") ® 45(X,,), i.e. polynomial maps from g to differential forms on X,,. The complex C* is
then given by
B (G S(g") @ Up(Xn)
p+2l+m=s

endowed with the differential D +7 + (—1)?(d + ¢), where d + ¢ is the Cartan differential operator as in the Cartan model, the operator
D is given by

D: C"(G,5"(8") ® Qp(Xn)) = CTHH(G, S*(g") ® Qp(Xa))
such that i

(D)gor 95 1Y) = Fg1seoos g | YV [ (Gore s Giagise 0| V)
i=1
+<_1)k+1f<907 s Gk—1 | Ad(g,;l)Y)

for go,...,gr € G and Y € g, and the operator 7 is defined by

7:C7(G,S'(g") ® Qp(Xa)) = CPH(G, 8 H(g") ® Qp(Xa))

with
p—1

d
(Zf)<gl7-~,gp_1 ’ Y) = Z%
=0 t=

f(gh v 7giaexp(tY;)Jgi+17 ce ey gp—1 ‘ Y)

where Y; = Ad(gi+1 -+ gp—1)Y.



II. EQUIVARIANT COHOMOLOGY OF STACKS

Can also consider the simplicial differential Ox for the associated simplicial smooth manifold X,. Because 0x commutes with operator
D+7+ (=1)P(d +t), get complex C* with differential D + 7 + (—=1)P(d + ¢) + (=1)PT2Hmoy.

@ C7(G, 8'(g") ® Qg(X))

The cohomology H.(X,) gives the Getzler model for equivariant cohomomology for the G-stack M

Theorem 7. Let M be a differentiable G-stack with G-atlas X — M for a general Lie group G. Then there is an isomorphism
HiL(MR) = HE(X,).
CP(G, S'(g¥) @ (X)) as the double complex E,*

Proof. Use spectral sequence argument. Let us consider the complex P
with

p+2l+m+n=s

(E{f’”z( P (G S(gY) @ QX ))>7D+Z+(—1)p(d+a),0x>

p+2l+m=s,n
In the same way, we consider the triple complex (Q%,(G? x X,,), dqr, Og, Ox) as the double complex Ej* with

<E8’n = ( @ QZR(GP X Xn>> ,dgr + (—1)qag,ax>

ptg=sn
If we calculate both cohomologies first for the index s, we will get the same cohomology, because the cohomology of Ej" is the cohomology
of the associated Lie groupoid (G x X,, = X,,) for the action of G on the smooth manifold X,,. Therefore E,”" = E}", so both spectral

sequences are isomorphic in the first page and converge to same cohomology Hf(M,R). O



III. SPECTRAL SEQUENCES FOR EQUIVARIANT STACK COHOMOLOGY

Let G be a Lie group, M a differentiable G-stack and § a (cartesian) sheaf on the quotient stack M/G. Consider atlas X — M — M/G,
where X — M is a G-atlas for M then we get an induced sheaf § on M and a bisimplicial sheaf §, on the associated bisimplicial smooth
manifold Z, , with Z,,, = G? x X,,. Get triple complex K*** given by ['(G? x X,,, KP™?) using acyclic resolution of §

Theorem 8. There exists a spectral sequence such that
E?n = HT([XH/GLS) = Hgi_n(MvS:)

Theorem 9. If G is a countable discrete group, there exists a spectral sequence such that

E?" = HP(G,H"(M,§)) = HE™(M,T).

Example 6. (Felder-Henriques-Rossi-Zhu)
If M is just a smooth manifold X with an action by a discrete group G, the above result gives a spectral sequence of the form

EP" = HP(G, H"(X,§)) = H"™"([X/G].3)



III. SPECTRAL SEQUENCES FOR EQUIVARIANT STACK COHOMOLOGY

Let G be a Lie group and M a differentiable G-stack. Furthermore, let §o — §1 — -+ — Fn be a complex of (cartesian) sheaves of
abelian groups on M /G with an atlas given by X — M — M/G, where X — M is a G-atlas for M. For any r, let §, be the sheaf
from the complex on M/G and §,. be the induced bisimplicial sheaf on the associated bisimplicial smooth manifold G* x X,. We can
relate the equivariant hypercohomology of the nerve with the equivariant hypercohomology of the stack as follows

Theorem 10. There exists a spectral sequence such that
Ey" = H¥([X0/G], o = F1 =+ = Fm) = HZ" (M, Bo = 81—+ = ).

Theorem 11. If G is a countable discrete group, there exists a spectral sequence such that
Ey® = HP(G,H* (M, o = S1 =+ = Fm)) = HG (M, Fo = F1-+ = F)-

Example 7. (Felder-Henriques-Rossi-Zhu)
If M is just smooth manifold X with an action of a discrete group G, we get a spectral sequnce

Ey" = HP(G,H"(X,Fo = §1 = -+ = Fw)) = H"([X/GL,Fo = Fi- = Fn)



III. SPECTRAL SEQUENCES FOR EQUIVARIANT STACK COHOMOLOGY

Bott spectral sequence
Let G be a Lie group and M a differentiable G-stack. We get the following generalised version of Bott’s spectral sequence, where H(—)
denotes continuous cohomology

Theorem 12. There exists a spectral sequence such that

By’ = P HI(G, P Qr(X.) ® S'(g")) = HEP(M,R)
q+n=k s+t=q
and where
E;? = Tot @ HX(G, @ Qp(X.) @ S'(g")).
q+n=~k s+t=q

Example 8. (Bott spectral sequence) If M is a point * with trivial G-action, the above spectral sequence reduces to the following
spectral sequence converging to the cohomology of the classifying space of the Lie group G

Ey? = HP(G, S'(g")) = H''P(BG,R)

as the homotopy type of the classifying stack BG' = [x/G] is given by the classifying space BG of G.
If GG is compact, Bott’s spectral collapses and recovers the classical Borel isomorphism

H*(BG,R) = S*(g¥)“.



IV. MORE APPLICATIONS

(work in progress...)

Definition 13. Let M be a differentiable stack and p a non-negative integer and T the sheaf of circle valued functions. The smooth
Deligne complex F(p)3 is the following complex of sheaves on M:

5=dlog d ~o d d

Fp)y : Ty ™= Q) — 0 = - = O

The smooth Deligne cohomology H} (M, F(p)>®) of M with respect to F(p) is defined to be the hypercohomology group of the
smooth Deligne complex

HEH(M, F(p)>) = HY(M, F(p)3).

Theorem 13. Let M be a differentiable stack. Then we have:
(i) The isomorphism classes of principal T-bundles over M, i. e. hermitian line bundles over M are classified by cohomology classes
in HY(M, Ty) = H*(M,Z).
(i) The isomorphism classes of G-equivariant principal T-bundles over M are classified by cohomology classes in H5H(M, Ty) =
HZ(M,Z).
(iii) The isomorphism classes of gerbes with band T over M are classified by cohomology classes in H*(M,Tpy) = H3*(M,Z).

Theorem 14. Let M be a differentiable stack. Then we have:

(i) The isomorphism classes of principal T-bundles with connection over M are classified by cohomology classes in Hp(M, F(1)>).
(ii) The isomorphism classes of gerbes with band T with connective structure and curving over M are classified by cohomology classes

in H3(M, F(2)®).



