Virtual Euler characteristics of moduli spaces of

torsion free sheaves on general type surfaces

joint with L. Gottsche and T. Laarakker
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Fix: rank r > 0, Chern classes ¢; € H?(S,Z), ¢ € H¥(S,Z) = Z

Want: moduli space

1%

M = {5 . Elocally free, Tk(€) = r, cl(€) = a1, &2(€) = Cz}/
Goal: M is variety/scheme

Method: use geometric invariant theory

1/16



Moduli space

Allow: & torsion free coherent sheaf on S

ie. VO#F CE&: Supp(F)=S

2/16



Moduli space

Allow: & torsion free coherent sheaf on S
ie. VO#F CE&: Supp(F)=S

Require: £ stable w.r.t. very ample divisor H

ie. VO#£FCE: X(i((';’)_’)) < X(fé('gl;)) for all m>>0

2/16



Moduli space

Allow: & torsion free coherent sheaf on S
ie. VO#F CE&: Supp(F)=S

Require: £ stable w.r.t. very ample divisor H

ie. VO#£FCE: X(i((';’)_’)) < X(fé('gl;)) for all m>>0

Semistable sheaves: replace < by <

Il

ME(r, a1, ) = {5 : Estable torsion free, rk(€) = r, ¢i(€) = c,-}/

2/16



Moduli space

Allow: & torsion free coherent sheaf on S
ie. VO#F CE&: Supp(F)=S

Require: £ stable w.r.t. very ample divisor H

ie. VO#£FCE: X(i((';’)_’)) < X(fé('gl;)) for all m>>0

Semistable sheaves: replace < by <

Il

ME(r, a1, ) = {5 : Estable torsion free, rk(€) = r, ¢i(€) = c,-}/

Theorem (GIESEKER, MARUYAMA, SIMPSON, N1970'S)

Mfg" (r,c1,c2) is a quasi-projective scheme

2/16



Moduli space

Allow: & torsion free coherent sheaf on S
ie. VO#F CE&: Supp(F)=S

Require: £ stable w.r.t. very ample divisor H

ie. VO#£FCE: X(i((';’)_’)) < X(fé('gl;)) for all m>>0

Semistable sheaves: replace < by <

Il

ME(r, a1, ) = {5 : Estable torsion free, rk(€) = r, ¢i(€) = c,-}/

Theorem (GIESEKER, MARUYAMA, SIMPSON, N1970'S)

Mfg" (r,c1,c2) is a quasi-projective scheme

Assume: stable=semistable e.g. ged(r,c1-H) =1
= Mg’(r, c1, C2) projective
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dim Ext' (&, £)o — dim Ext*(€, €)o < dimigg M < dim Ext* (&, £)o

vdim[g] M

Ext?(€,£)o = 0 = M smooth at [£]
HRR = vdimgM = 2rc; — (r — )c? — (r? = 1)x(0s)

Examples smoothness:
»r=1E=1;®L, with ZC S 0-dim, so M = Hilb"(S)
S is del Pezzo: Ext?(&,E)p = Hom(E,E @ Ks)j =0
S is K3: Ext?(&,&)o = Hom(E,E)5 =0
S=Z0¢ +xf +x§ +x§) c P with d =1,2,3,4

vyvyy
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Fix: S, H,r,c1, consider: |, I\/Igl(r, 1, C2)

Assume for now: |J,, ME(r, c1, ) is smooth

Euler characteristic of complex manifold X:

e(X) = 2i(=1)'bi(X) = [ cop(Tx)

Study: >, e(M_’;(r, c1,)) g%

Vara-WITTEN, 1994: related to modular forms

Smooth case: >~ e(ME(r, c1, c2)) g% calculated in examples

GOTTSCHE, KLYACHKO, GOTTSCHE-HUYBRECHTS, YOSHIOKA, MANSCHOT,

Mozcovoy, WEIST, K, ...
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Hilb"(S) := {Z CS:dimZ=0dm0O; = n}
Focarry, 1968: Hilb"(S) is smooth of dimension 2n
Dedekind eta function: 7(q) := g2 [ (1—4q"

Discriminant modular form: A(q) := n(q)**

Theorem (Gorrscne, 1990)

SN n— <) —e
> e(Hilb"(S)) ¢ = = n(q) )

n
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with discriminant —D = B? — 4AC modulo equivalence

Theorem (Kryacnko, 1991)
Sy e(Mh (2, L, 02)) g2 = 3n(q) "0 Y02, H(4n —1)q" %

» Uses lift C* x C* ~ P2 to M and e(M) = e(I\/IC*X(C*)
» Zacier: mock modular form of weight —3/2

> higher rank: ManscuoT
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Invariants (virtual)

Assume: S has smooth connected C € |Ks| (so pg(S) > 0)

Eg S=2Z(x§+xf +x§+x¢)cP3withd>5

Typically: Mg’(r, c1, &) singular!

Virtual tangent bundle: T)|je) := Ext!(&,8)0 — Ext?(£,8)o
Virtual class BEHREND-FANTECHI, L1-T1AN; MOCHIZUKI

[M]¥r e Hoydim(m) (M, Z)

Virtual Euler char. CiocaN-FONTANINE-KAPRANOV,FANTECHI-GOTTSCHE

eVir(M) = f[/\/[]vir Cvdim(M)(TXﬂir) €Z
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Oave(q) =Y N7 2w N = (1,0,...,0)
veZ"

Abbreviate: K := Ks, x := x(Os)

Conjecture (G(")TTSCHE-K, GOTTSCHE-K-LAARAKKER)
Forr=2,3,5, eVir(l\/Ig’(r, 1, @) equals

Oar 0@ 1
2+K2_X ]. Ay 1,0 q
Coefqu'T,ICf%)ﬁﬁ’@{r (A(qi);> ( (q)r WS,r,Cl(q)

with Vs , ,(q) given below
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r = 2: VArA-WITTEN (cosmic string)

\US,Z,cl =14+ (71)C1K+X
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r = 3: GOTTscHE-K

o K2 o K2
A3 0 K2 | K2 aK , —akK A0
X X ! ! —1)X
5737‘:1 @AV 1 ( + + - )+(63 +63 )( ) @AV 1
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r = 3: GOTTscHE-K

where X4 are the solutions of

2
O av O 4v
X2—4< A2’°> X +4-220 _ g

Oay 1

2

(corrects Labastida-Lozano)
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r =5 GOTTSCHE-K-LAARAKKER

©
ty = 4‘61457 = Lok
©ay .0 +R
%
R:::iifAJLTAAAf, ROGERS—RAMANUJAN
ol
1 —T
4+
& zzlﬁyg, golden ratio
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r =5 GOTTSCHE-K-LAARAKKER

t) = Oay e 1—¢R
0= eA}(,o7 P= 35

R:= —2——  ROGERS—RAMANUJAN

51:=25t1{3p +2-80°}, = 25t2{8p +2-3p°}
atali= 265{8[5—13 8p} J52(‘;2)+18

6
j5:::(7ﬂq)) Hauptmodul 5(5)
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¢ e 2 2 2
Wss.a = (" + e ) {7 + (-1 + xD)}

+ (@ + ) B+ ()M + v}

+ (=
+{\/7X+Y+) +( aﬂ1ﬂ2X+ )K2
@X Y+)K2+ \/; ) }
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Vssa (6" + B+ (10T + X))

+(6251K 72c1K){/3 (- 1)X(yf2+Yfz)}

) Wammmr)
W)+ (o))

where X, Y4 are solutions of

X2 = 2B~ )G F DX+ EBE 1) =0

Y2 Lot~ 1)1 - 30°)Y + B(1 - 37) =0
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Donaldson invariants: f[/\/l]vir P(E), P(E) any poly. in 74(0)’s

Mocizuki, 2009 (need: pg(S) > 0!):

f[M]vir P(E) = “formula in terms of ijlb”l(S)x~~~><Hilb”’(5) e

» GRR and Kiinneth = e"*(M) is a Donaldson invariant
» Calculate integrals over products of Hilbert schemes

» Check conjectures for r = 2,3 for list of S, H, c1, &

13/16



Evidence Il

Vafa-Witten partition function 1994 (assume: r prime)

2V¥(q) ~ q" Y e(ME(r, @, 2)) 4 + 27 (a)
(&) ~——

77

14/16



Evidence Il

Vafa-Witten partition function 1994 (assume: r prime)

2V¥(q) ~ q" Y e(ME(r, @, 2)) 4 + 27 (a)
(&) ~——

77

Consider Higgs moduli space Ng(r, 1, )

Higgs pairs (&, ¢)
» & torsion free sheaf, tk(£) =r, /(&) = ¢
> p:E = ERKs, tr(¢) =0

14/16



Evidence Il

Vafa-Witten partition function 1994 (assume: r prime)

2V¥(q) ~ q" Y e(ME(r, @, 2)) 4 + 27 (a)
(&) ~——

77

Consider Higgs moduli space Ng(r, 1, )

Higgs pairs (&, ¢)
» & torsion free sheaf, tk(£) =r, /(&) = ¢
> p:E = ERKs, tr(¢) =0

Require: (€, ¢) is stable w.r.t. very ample divisor H

i.e. V ¢-invariant 0 # F C &: X(ﬁ(((';’;)) < X(flf("g)_l)) forallm>0

14/16



Evidence Il

Vafa-Witten partition function 1994 (assume: r prime)

2V¥(q) ~ q" Y e(ME(r, @, 2)) 4 + 27 (a)
(&) ~——

77

Consider Higgs moduli space Ng(r, 1, )

Higgs pairs (&, ¢)
» & torsion free sheaf, tk(£) =r, /(&) = ¢
> p:E = ERKs, tr(¢) =0

Require: (€, ¢) is stable w.r.t. very ample divisor H

i.e. V ¢-invariant 0 # F C &: X(ﬁ(((';’;)) < X(flf("g)_l)) forallm>0

Ng’(r7 €, Q) = {(S,qzﬁ) : stable Higgs pair,tk(€) = r, ¢i(€) = c,}/ o~
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Get: [N]Y'* € Ho(N,Z), consider: f[N]m 1
Issue: C* ~ N: t-(€,¢) = (€, tp)
= N non-compact... but N¢* compact!
1
Virtual localization: f[N]m 1:= f[NC*]Vlr =

TI‘\]IH’N‘C* _ TVlI‘ (C . VVII‘

T
Define ZY¥(q) == ¢*>_, 9 f[NgI(nCl’Cz)]vir 1
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roglly ZVert(q) <ﬂ> q°* eVir(Mg(ﬂ c1, C2)) q°

r,c1 (e}

r=2,3,5 : conjectures Z\*(q) = conjectures e""(M&(r, c1, c2))

16/16



	Moduli space
	Invariants (classical)
	Invariants (virtual)
	Conjectures
	Evidence I
	Evidence II

