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joint with L. Göttsche and T. Laarakker



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

S : smooth projective surface over C with b1(S) = 0

E.g. S = Z (xd0 + xd1 + xd2 + xd3 ) ⊂ P3

Fix: rank r > 0, Chern classes c1 ∈ H2(S ,Z), c2 ∈ H4(S ,Z) ∼= Z

Want: moduli space

M :=
{
E : E locally free, rk(E) = r , c1(E) = c1, c2(E) = c2

}
/ ∼=

Goal: M is variety/scheme

Method: use geometric invariant theory
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Allow: E torsion free coherent sheaf on S

i.e. ∀ 0 6= F ⊂ E : Supp(F) = S

Require: E stable w.r.t. very ample divisor H

i.e. ∀ 0 6= F ( E : χ(F(mH))
rk(F) < χ(E(mH))

rk(E) for all m� 0

Semistable sheaves: replace < by ≤

MH
S (r , c1, c2) :=

{
E : E stable torsion free, rk(E) = r , ci (E) = ci

}
/ ∼=

Theorem (Gieseker, Maruyama, Simpson, ∼1970’s)
MH

S (r , c1, c2) is a quasi-projective scheme

Assume: stable=semistable e.g. gcd(r , c1 · H) = 1
⇒ MH

S (r , c1, c2) projective

2/16
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Abbreviate: M := MH
S (r , c1, c2), take [E ] ∈ M

Tangent space: TM |[E]
∼= Ext1(E , E)0

Obstruction space: Ext2(E , E)0

dimExt1(E , E)0 − dimExt2(E , E)0︸ ︷︷ ︸
vdim[E]M

≤ dim[E] M ≤ dimExt1(E , E)0

Ext2(E , E)0 = 0⇒ M smooth at [E ]

HRR ⇒ vdim[E]M = 2rc2 − (r − 1)c2
1 − (r2 − 1)χ(OS)

Examples smoothness:
I r = 1: E ∼= IZ ⊗ L, with Z ⊂ S 0-dim, so M ∼= Hilbn(S)
I S is del Pezzo: Ext2(E , E)0

∼= Hom(E , E ⊗ KS)∗0 = 0
I S is K3: Ext2(E , E)0

∼= Hom(E , E)∗0 = 0
I S = Z (xd0 + xd1 + xd2 + xd3 ) ⊂ P3 with d = 1, 2, 3, 4
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Fix: S ,H, r , c1, consider:
⋃

c2
MH

S (r , c1, c2)

Assume for now:
⋃

c2
MH

S (r , c1, c2) is smooth

Euler characteristic of complex manifold X :

e(X ) :=
∑

i (−1)ibi (X ) =
∫
X ctop(TX )

Study:
∑

c2
e(MH

S (r , c1, c2)) qc2

Vafa-Witten, 1994: related to modular forms

Smooth case:
∑

c2
e(MH

S (r , c1, c2)) qc2 calculated in examples

Göttsche, Klyachko, Göttsche-Huybrechts, Yoshioka, Manschot,

Mozgovoy, Weist, K, ...
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Example 1. r = 1, any S

Hilbn(S) :=
{
Z ⊂ S : dimZ = 0, dimOZ = n

}

Fogarty, 1968: Hilbn(S) is smooth of dimension 2n

Dedekind eta function: η(q) := q
1

24
∏∞

n=1(1− qn)

Discriminant modular form: ∆(q) := η(q)24

Theorem (Göttsche, 1990)∑
n

e(Hilbn(S)) qn−
e(S)
24 = η(q)−e(S)

5/16
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Example 2. r = 2, S = P2, H = c1 = L, with L ⊂ P2 line

Hurwitz class number H(D):

(weighted) # of positive definite integral forms AX 2 +BXY +CY 2

with discriminant −D = B2 − 4AC modulo equivalence

Theorem (Klyachko, 1991)∑
c2
e(ML

P2(2, L, c2)) qc2− 1
2 = 3η(q)−6

∑∞
n=1 H(4n − 1)qn−

1
4

I Uses lift C∗ × C∗ y P2 to M and e(M) = e(MC∗×C∗)

I Zagier: mock modular form of weight −3/2

I higher rank: Manschot
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Assume: S has smooth connected C ∈ |KS | (so pg (S) > 0)

E.g. S = Z (xd0 + xd1 + xd2 + xd3 ) ⊂ P3 with d ≥ 5

Typically: MH
S (r , c1, c2) singular!

Virtual tangent bundle: T vir
M |[E] := Ext1(E , E)0 − Ext2(E , E)0

Virtual class Behrend-Fantechi, Li-Tian; Mochizuki

[M]vir ∈ H2vdim(M)(M,Z)

Virtual Euler char. Ciocan-Fontanine-Kapranov,Fantechi-Göttsche

evir(M) :=
∫

[M]vir cvdim(M)(T vir
M ) ∈ Z
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

ΘA∨r ,`(q) :=
∑
v∈Zr

e2πi〈v ,`λ〉∨q
1
2
〈v ,v〉∨ , λ := (1, 0, . . . , 0)

εr := e
2πi
r

Abbreviate: K := KS , χ := χ(OS)

Conjecture (Göttsche-K, Göttsche-K-Laarakker)

For r = 2, 3, 5, evir(MH
S (r , c1, c2)) equals

Coeff
qc2−

r−1
2r c2

1
− r

2χ+ r
24 K2

{
r2+K2−χ

(
1

∆(q
1
r )

1
2

)χ(
ΘA∨r−1,0

(q)

η(q)r

)−K2

ΨS ,r ,c1(q)

}

with ΨS ,r ,c1(q) given below
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r = 2: Vafa–Witten (cosmic string)

ΨS ,2,c1 = 1 + (−1)c1K+χ

(
ΘA∨1 ,0

ΘA∨1 ,1

)K2
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

r = 3: Göttsche–K

ΨS ,3,c1 =

(
ΘA∨2 ,0

ΘA∨2 ,1

)K2

(XK2

+ +XK2

− )+(εc1K
3 +ε−c1K

3 )(−1)χ

(
ΘA∨2 ,0

ΘA∨2 ,1

)K2

where X± are the solutions of

X 2 − 4

(
ΘA∨2 ,0

ΘA∨2 ,1

)2

X + 4
ΘA∨2 ,0

ΘA∨2 ,1
= 0

(corrects Labastida-Lozano)
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r = 5: Göttsche–K–Laarakker

t` :=
ΘA∨

4
,`

ΘA∨
4
,0
, ρ := 1−φR

φ+R

R := q
1
5

1+ 1
1+

q

1+
q2

1+
q3

1+···

, Rogers–Ramanujan

φ := 1+
√

5
2 , golden ratio

β1 :=
1

25t1

{
3ρ−5 + 2− 8ρ5

}
, β2 :=

1

25t2

{
8ρ−5 + 2− 3ρ5

}

α + α−1 :=
6

25

{
8ρ−5 − 13− 8ρ5

}
=

240

j5(q
1
5 )

+ 18

j5 :=
(
η(q)
η(q5)

)6
Hauptmodul Γ0(5)
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ΨS,5,c1 = (εc1K
5 + ε−c1K

5 )
{
βK2

1 + (−1)χ(XK2

+ + XK2

− )
}

+ (ε2c1K
5 + ε−2c1K

5 )
{
βK2

2 + (−1)χ(Y K2

+ + Y K2

− )
}

+

{(√ α

β1β2
X+Y+

)K2

+
(√ 1

αβ1β2
X+Y−

)K2

+
(√ 1

αβ1β2
X−Y+

)K2

+
(√ α

β1β2
X−Y−

)K2
}

where X±, Y± are solutions of

X 2 − 4

5
β1(β1t1 − 1)(3ρ−5 + 1)X +

4

5
β2

1(3ρ−5 + 1) = 0

Y 2 − 4

5
β2(β2t2 − 1)(1− 3ρ5)Y +

4

5
β2

2(1− 3ρ5) = 0
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Suppose E universal sheaf on M × S

τα(σ) := πM∗
(
π∗Sσ∩chα(E)

)
∈ H∗(M,Q), ∀α ≥ 0, σ ∈ H∗(S ,Q)

Donaldson invariants:
∫

[M]vir P(E), P(E) any poly. in τα(σ)’s

Mochizuki, 2009 (need: pg (S) > 0!):∫
[M]vir P(E) = “formula in terms of

∫
Hilbn1 (S)×···×Hilbnr (S) · · · ”

I GRR and Künneth ⇒ evir(M) is a Donaldson invariant

I Calculate integrals over products of Hilbert schemes

I Check conjectures for r = 2, 3 for list of S ,H, c1, c2

13/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Suppose E universal sheaf on M × S

τα(σ) := πM∗
(
π∗Sσ∩chα(E)

)
∈ H∗(M,Q), ∀α ≥ 0, σ ∈ H∗(S ,Q)

Donaldson invariants:
∫

[M]vir P(E), P(E) any poly. in τα(σ)’s

Mochizuki, 2009 (need: pg (S) > 0!):∫
[M]vir P(E) = “formula in terms of

∫
Hilbn1 (S)×···×Hilbnr (S) · · · ”
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I GRR and Künneth ⇒ evir(M) is a Donaldson invariant

I Calculate integrals over products of Hilbert schemes

I Check conjectures for r = 2, 3 for list of S ,H, c1, c2

13/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Suppose E universal sheaf on M × S

τα(σ) := πM∗
(
π∗Sσ∩chα(E)

)
∈ H∗(M,Q), ∀α ≥ 0, σ ∈ H∗(S ,Q)

Donaldson invariants:
∫

[M]vir P(E), P(E) any poly. in τα(σ)’s

Mochizuki, 2009 (need: pg (S) > 0!):∫
[M]vir P(E) = “formula in terms of

∫
Hilbn1 (S)×···×Hilbnr (S) · · · ”
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Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Vafa-Witten partition function 1994 (assume: r prime)

ZVW
r ,c1

(q) ≈ q•
∑
c2

e(MH
S (r , c1, c2)) qc2 + Zvert

r ,c1
(q)︸ ︷︷ ︸

???

Consider Higgs moduli space NH
S (r , c1, c2)

Higgs pairs (E , φ)

I E torsion free sheaf, rk(E) = r , ci (E) = ci
I φ : E → E ⊗ KS , tr(φ) = 0

Require: (E , φ) is stable w.r.t. very ample divisor H

i.e. ∀ φ-invariant 0 6= F ( E : χ(F(mH))
rk(F) < χ(E(mH))

rk(E) for all m� 0

NH
S (r , c1, c2) :=

{
(E , φ) : stable Higgs pair, rk(E) = r , ci (E) = ci

}
/ ∼=

14/16
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(q) ≈ q•
∑
c2

e(MH
S (r , c1, c2)) qc2 + Zvert

r ,c1
(q)︸ ︷︷ ︸

???

Consider Higgs moduli space NH
S (r , c1, c2)

Higgs pairs (E , φ)

I E torsion free sheaf, rk(E) = r , ci (E) = ci
I φ : E → E ⊗ KS , tr(φ) = 0

Require: (E , φ) is stable w.r.t. very ample divisor H

i.e. ∀ φ-invariant 0 6= F ( E : χ(F(mH))
rk(F) < χ(E(mH))

rk(E) for all m� 0
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N := NH
S (r , c1, c2) has T vir

N of rank zero

Theorem (Tanaka-Thomas, 2017)

N has perfect obstruction theory and vdim(N) = 0

Get: [N]vir ∈ H0(N,Z), consider:
∫

[N]vir 1

Issue: C∗ y N: t · (E , φ) = (E , tφ)

⇒ N non-compact... but NC∗ compact!

Virtual localization:
∫

[N]vir 1 :=
∫

[NC∗ ]vir
1

cC
∗

top(νvir)

T vir
N |NC∗ = T vir

N |C
∗

NC∗ + νvir

Define ZVW
r ,c1

(q)
TT
:= q•

∑
c2
qc2
∫

[NH
S (r ,c1,c2)]vir 1
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Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16



Moduli space Invariants (classical) Invariants (virtual) Conjectures Evidence I Evidence II

Contribution M ⊂ NC∗ : q•
∑

c2
evir(MH

S (r , c1, c2)) qc2

Contribution NC∗ \M: Zvert
r ,c1

(q)

ZVW
r ,c1

(q) = q•
∑

c2
evir(MH

S (r , c1, c2)) qc2 + Zvert
r ,c1

(q)

Gholampour-Thomas, Laarakker: Zvert
r ,c1

(q) better computable (!)

Laarakker: Zvert
r ,c1

(q) mod q... for r ≤ 9

S-duality conjecture Vafa-Witten, 1994

ZVW
r ,c1

(−1/τ) =
(
rτ
i

)− e(S)
2 ∑

w∈H2(S,Zr ) ε
c1w
r ZVW

r ,w (τ), q = e2πiτ

roughly⇒ Zvert
r ,c1

(q)
τ 7→−1/τ←−−−−→ q•

∑
c2
evir(MH

S (r , c1, c2)) qc2

r = 2, 3, 5 : conjectures Zvert
r ,c1

(q) ⇒ conjectures evir(MH
S (r , c1, c2))

16/16


	Moduli space
	Invariants (classical)
	Invariants (virtual)
	Conjectures
	Evidence I
	Evidence II

