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ABSTRACT. We prove a simple version of the law of large numbers in
which the independent and identically distributed random variables are
dependent on an unknown parameter that is replaced by a consistent
estimate.

In what follows all random objects are assumed to be defined on a fixed
probability space (€2,.4,P) and the probability distribution of a random
object Y (i.e., the push-forward of P by Y') will be denoted by Py. The
real finite-dimensional vector space V appearing in the statement below will
be assumed to be endowed with an arbitrary fixed norm || - || and with the
corresponding topology. Topological spaces are assumed to be endowed with
their respective Borel o-algebras.

Proposition 1. Let (Y, B) be a measurable space, © be a topological space,
fg € © be a point, g : Y x © = V be a map taking values in a real finite-
dimensional vector space V, (Yn)n>1 be an independent and identically dis-

tributed sequence of Y-valued random objects and (6y,)n>1 be a sequence of
O-valued random objects. Assume that the following conditions hold:

(a) the map g is measurable with respect to the product o-algebra on

Y x0;

(b) the point 0y has a countable fundamental system of neighborhoods in
the space ©;

(c) for every U belonging to some fundamental system of neighborhoods
of 0y in ©, the map

Gu:Y 3y sup 9(y,0) — g(y,00)]| € [0, +00]
€
1s measurable with respect to the completion of the probability mea-
sure Py, : B — [0,1];

(d) the sequence (0,)n>1 converges to Oy in probability, i.e., for every
Borel neighborhood U of 0y in © we have limy,_, 4 P(0, € U) = 1;

(e) for Py, -almost every y € Y, the map © > 0 — ¢g(y,0) € V is
continuous at the point 6y;
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(f) there exists a neighborhood Uy of Oy in © and a measurable function
h:Y — [0, +o0[ such that the expected value E(h(Y1)) is finite and
such that, for Py, -almost every y € Y, we have ||g(y,8)| < h(y) for
every 6 € Up.

Under such conditions, we have that

1) i 3 (¥ 6,) = E(a(V,60))
=1

n—+oo n —
in probability.

The technical measurability condition (c) in the statement of Proposi-
tion 1 would be hard to verify in practice, but luckily it is automatically
satisfied under very mild conditions, as we will show later (Proposition 3
and Corollary 5).

Proof of Proposition 1. Note first that by replacing the o-algebra B with
the domain of the completion of Py, and the probability measure P with
its completion, the random objects Y,, remain independent with common
distribution given by the completion of Py, , so that we can assume without
loss of generality that the probability measure Py, is complete.

It follows from conditions (b) and (c) that there exists a countable de-
creasing fundamental system of neighborhoods (U )x>1 of 6y in © such that
Gy, is measurable for all & > 1. By (e), the sequence (Gy, )k>1 converges
Py, -almost surely to zero and by (f) we have Gy, < 2h Py;-almost surely
for k sufficiently large, so that the Dominated Convergence Theorem yields
that:

(2) lim E(Gy,(Y1)) =0.

k—+o00

Let € > 0 be given. By (2) there exists a neighborhood U of 6y in ©
such that Gy is measurable and E(GU(Yl)) < €. By the weak law of large
numbers, we have

(3) lim ~

n—+oo n

Zn: Gu(Y:) = E(Gu(V1))

in probability and therefore:

: 1 ¢
(4) nﬂﬁ(ﬂ ;GUW,) < g> =1.

For 6 € U we have

n

Y g(¥i0) > g%, 00)
=1

i=1
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and therefore:

[ c [711 Zn: Gu(Y) > e
i=1

where U’ is some Borel neighborhood of ) contained in U. From (4) and
(d) we then obtain that

n

1 s 1 A
n;gm,en)—nZg(n,eo) >e Ul 2 U,

=1

=0

1 & R 1 &
li — Y, 0,) — — Y;, 0
i [n ;g( ) - ;g( 0)

in probability (condition (a) is required to ensure that g(¥j,6,) is measur-
able). The conclusion now follows from the fact that the weak law of large
numbers yields that

lim ~ > 9(Yi,60) = E(9(Y1,60))
i=1

n—-+0oo N 4
in probability. ([

Remark 2. Proposition 1 admits a “strong law” version i.e., if we replace
condition (d) in the statement of the proposition by the condition that
(én)nZI converges almost surely to 6y then the thesis can be replaced with
the statement that the limit (1) holds almost surely as well. Namely, by
the strong law of large numbers, lim, % Yo 9(Yi,00) = E(g(Yl, 90))
almost surely and therefore it is sufficient to show that for every € > 0 there
exists a set of P-probability 1 such that for w in such set we have

n

%ZQ(E’(M% On(w) = - > 9(Yi(w).60)
i=1 =1

()

<e€

for n sufficiently large (keep in mind that one is then able to choose such
set of P-probability 1 independently of € > 0 since it is sufficient to consider
countably many £ > 0). To prove the latter statement, pick a neighborhood
U of 0y such that G is measurable and E(GU(Yl)) < g, as in the proof of
Proposition 1. The strong law of large numbers then yields that the limit

(3) holds almost surely and for those w € Q at which both lim,_1 6, = 69
and (3) hold we have that (5) holds for n sufficiently large.

Now we establish some sufficient conditions for the validity of condition (c)
in the statement of Proposition 1.

Proposition 3. Condition (c) in the statement of Proposition 1 follows
from condition (a) if we assume that 6y admits a separable neighborhood in
O and that there ezists a neighborhood U of 0y in © such that the map g(y, -)
s continuous on U for Py, -almost every y € Y.
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Proof. If U’ is an open neighborhood of 6 that is contained both in U and
in a separable neighborhood of 6y then U’ is itself separable and

Gur(y) = sup 9(y,0) = g(y,60)||

for Py, -almost every y € ), where D is a countable dense subset of U’. This
implies that Gy is measurable with respect to the completion of Py,. U

We recall that a measurable space is called standard Borel if it is isomor-
phic to a Borel subset of a Polish space (i.e., a complete separable metric
space) endowed with its Borel o-algebra. In the statement below we denote
by R = [~00, +00] the extended real line.

Lemma 4. If Y and © are standard Borel spaces and f : Y x © — R is
a measurable map with respect to the product o-algebra on Y x © then the
map
F:Y3y—supf(y,f) eR
ISC]

is measurable with respect to the completion of any finite measure on Y.

Proof. Without loss of generality, we assume that ) and © are Borel subsets
of Polish spaces endowed with their respective Borel o-algebras. For every
c € R, the set [F' > (] is equal to the image under the first projection of the
Borel set [f > ¢] and it is therefore analytic. The conclusion follows from
the fact that an analytic subset of a Polish space is measurable with respect
to the completion of any finite measure defined on its Borel o-algebra ([1,

Theorem 4.10.12]). O

Corollary 5. Condition (c) in the statement of Proposition 1 follows from

condition (a) if the spaces Y and © are standard Borel. |
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